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ROMAIN GICQUAUD 

Abstract. In this paper we pursue the work initiated in |Bah09l[BG08| : 
study the extent to which conformally compact asymptotically hyper- 
bolic metrics can be characterized intrinsically. We show how the decay 
rate of the sectional curvature to —1 controls the Holder regularity of 
the compactified metric. To this end, we construct harmonic coordi- 
nates that satisfy some Neumann-type condition at infinity. Combined 
with a new integration argument, this permits us to recover to a large 
extent our previous result without any decay assumption on the covari- 
ant derivatives of the Riemann tensor. We believe that our result is 
optimal. 
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1. Introduction 

Conformally compact Riemannian manifolds have been much studied dur- 
ing the last decades. On the one hand, conformally compact Einstein man- 
ifolds turned out to be a very powerful tool in the study of conformal ge- 
ometry. This is the so called AdS/CFT correspondence, see e.g. |Biq05| , 
[And06] or |DGH08j . On the other hand, these manifolds are natural Cauchy 
surfaces in the theory of general relativity. We refer the reader to |GS10] 
and references therein for further details. 

The usual definition of these spaces is an extension of the ball model of 
the hyperbolic space: Let M be an [n + 1)— dimensional (smooth) compact 
manifold with boundary dM. A smooth non-negative function p : M — )• M 
is called a defining function for dM if /9~^(0) = dM and dp ^ everywhere 
on dM. A metric on M is called conformally compact if the metric 

9 = p^g 

extends to a regular (at least C^) metric on M. A straightforward calcu- 
lation using the conformal transformation law of the curvature, see |Bes871 
Theorem 1.159], shows that if the metric g also satisfies 

\dp\'i=l on dM, 

the sectional curvature of the metric g tends to —1 at infinity: 

secg = -1 -I- 0{p). 

Such a metric is called asymptotically hyperbolic (AH). Sec [Lcc06] for more 
details. It can be proved that such manifolds are complete and that for any 
given point p G M (or non-empty compact subset K C M) there exists a 
constant C > such that 

C-^p < e-' < Cp, 
where s = dg{p, .) (resp. s = dg{K, .)). 

Analysis on these spaces, in particular elliptic theory, is now well-developed. 
Let us mention the works of Mazzeo |Maz91j , Graham and Lee [GLQl^ ILee06] 
whose underlying ideas play a central role in this work. 

This definition however involves extrinsic data (the manifold M and the 
defining function p). An important issue is then to give an intrinsic defini- 
tion, i.e. involving only M and g, of asymptotically hyperbolic manifolds 
and compare it to the usual definition. A similar program has been accom- 
plished in the asymptotically Euclidean (ALE) case by Bando, Kazue and 
Nakajima in |BKN89j and by Herzlich in [Her97] . Mimicking the definition 
of an asymptotically locally Euclidean manifold, we define an asymptotically 
locally hyperbolic (ALH) manifold to be a complete non-compact Riemann- 
ian manifold whose curvature satisfies 

secg = -l + 0(e-'^^), 

for some constant a > which will be called the order of {M,g). Here s 
is the distance for the metric g with respect to a given point or compact 
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subset (see also Definition 12. ip . As in the ALE case, one wants to keep only 
"nice" geometries at infinity. While in the ALE case, this can be achieved 
by requiring some maximal volume growth condition, see |BKN89| . we will 
assume that the manifold (M, g) admits an essential subset K. This notion 
has been introduced in |BM08j . Roughly speaking, an essential subset is a 
non-empty compact convex subset such that seCg{M \ K) < and M \ K 
is diffeomorphic to dK x [0; oo) via the outgoing exponential map, see Def- 
inition 12. 2[ Among hyperbolic manifolds, only the convex-cocompact ones 
satisfy this assumption and a simple convexity argument shows that Cartan- 
Hadamard and conformally compact manifolds admit essential subsets (see 
e.g. IGicOQQ . 

Prior to the study of asymptotically locally hyperbolic manifolds is the 
study of negatively curved manifolds. A first result on the compactifica- 
tion of these manifolds is due to Anderson and Schoen in jAS85j . Let 
(M""'"^, (jr) be a complete simply connected manifold whose curvature is neg- 
atively pinched: 

—b^ < secg < —a^ 

everywhere for some constants < a < 6. Then the Cartan-Hadamard 
theorem |Pet981 Chapter 6, Theorem 3.3] asserts that the exponential map 
expp from any given point p £ M is a diffeomorphism from TpM ~ ]R"+^ 
onto M. Defining some well chosen rescaled coordinates, one can make M 
diffeomorphic to the interior of the open unit ball B C M*^"^^. Using some 
arguments of comparison geometry, Anderson and Schoen were able to prove 
that changing the point p under consideration leads to C°-compatible charts 
for the sphere at infinity S" = dB, where a = |. They used this construc- 
tion to give a classification of positive harmonic functions on M. Their 
work was extended and generalized to manifolds whose curvature is nega- 
tively pinched only outside some essential subset by Bahuaud and Marsh 
in |BM08j : changing the essential subset leads to C°-coordinate transition 
functions for the manifold M = M|jM(oo), where M(oo) is the boundary 
at infinity, see Definition 12.31 which can be attached in a similar manner to 
M by using some rescaled coordinate functions. Generalizing the work of 
Anderson and Schoen, it can be shown that M(oo) coincide with the Martin 
boundary of M. 

With these results at hand, Bahuaud and the author initiated the study 
of the conformal compactification of ALH manifolds in [Bah09l IBG08] . We 
proved that if (M, g) is ALH of order a G (0; 2), a 7^ 1, then, setting p = 
where s denotes the distance function from the essential subset, the metric 
'g = p^g extends to a continuous metric on M. If further the covariant deriva- 
tives of the Riemann tensor satisfy |V7^|^ = 0(6"'"''), |v(2)7^|^ = 0(6""^), 

then the metric g is (7°'" if a G (0; 1) and C^'""^ if a G (1; 2). The strategy 
of the proof is to study the following system of ODE: 

\ dogij = 2gikS''j, 
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satisfied by the metric in Fermi coordinates {s, x^, . . . , x"}, where Latin 
indices go from 1 to n, denotes the s-component and S is the second fun- 
damental form (more exactly the Weingarten map) of the hypersurfaces of 
constant s, see |Pet981 Chapter 2, Proposition 4.1]. Regularity is proved by 
taking tangential derivatives of this system, this is where the assumptions 
on the covariant derivatives of the Riemann tensor arise. 

As is well known, the Riemann tensor locally controls the metric in W"^'^- 
norm for any p £ (l;oo) in some well chosen coordinates, e.g. harmonic 
coordinates, see [DK81| . This remark leads to the belief that the assump- 
tions on the covariant derivatives of the Riemann tensor are superfluous to 
some extent. Results in this direction were first proved by Hu, Qing and Shi 
in their nice article |HQS09| . Their result are divided in two parts: 

1. If {M,g) is ALH of order a G (0; 1) the metric g = p^g extends to a 
C'^'^-metric on M where /i = |a. The main idea of the proof is to 
make the metric g evolve under some modified Ricci flow thus getting 
a family of metrics g{t), then to recover by some Shi-type estimates 
(see e.g. |CLN061 Theorem 6.9]) the assumption on the covariant 
derivatives of the Riemann tensor of the metrics g{t) and to apply 
the results of |Bah091 IBGOSj . The Holder regularity of the metric 
g{t) becomes worse and worse as t tends to zero but at a controlled 
pace. Hence by an argument similar to Lemma 12.161 this implies 
regularity for the metric g itself. 

2. If a G (1; 2), the authors construct harmonic coordinates for the met- 
ric g and get that if a > 2 — then one can define harmonic coor- 
dinates for the metric 'g, so the metric 'g belongs to some VF^'^-space 
in this coordinate system. The assumption a > 2 — comes from 
the necessity that the Riemann tensor of g belongs to some L^-space, 
p £ {n+ 1; oo). 

However, in view of |Bah09l IBG08] . these results are not expected to 
be optimal. An intuitive reason why the above method does not lead to 
optimal results in the case a G (1;2) is that the blow-up of the Riemann 
tensor occurs all along the hypersurface at infinity while tools in elliptic 
PDE (elliptic regularity, Sobolev injections,...) are limited in some sense by 
point singularities. The natural way to solve this apparent conflict is not to 
work with the metric g but instead to apply elliptic theory to the metric g 
itself! This is the method we will follow in this article. We will concentrate 
on the case < a < 2, the optimal result in the case a > 2 is obtained in 
|HQS09| : When a > 2 the Riemann tensor of the metric g is bounded, its 
derivatives can still blow up but this converts into Holder regularity for the 
Riemann tensor of g up to the boundary. The main result we prove is the 
following: 

Theorem 1.1. Suppose {M,g) is an asymptotically locally hyperbolic man- 
ifold of order a > and K C M is an essential subset. Then there exists 
a unique function t such that t — = 0{e^^~'^^^), where s = dg{K, .), and 
At = {n + l)t. Furthermore, 
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• i/0 < a < 1, there exists an atlas on M = M(JM((X)) such that the 
metric g = t^'^g extends to a C^''^ -smooth metric up to the boundary, 

• if 1 < a < 2, there exists an atlas on M such that the metric 'g = 
t^^g extends to a C^'^^-smooth metric up to the boundary, for any 
^ G (0;a - 1). 

The proof of this theorem contains several new ideas. We shall first show 
the existence of the function t and construct harmonic charts in a neighbor- 
hood of each point at infinity for the metric g. From the work of Anderson 
and Schoen [And831 IAS85j it is known that bounded harmonic functions are 
in bijection with functions on M(oo). An issue that immediately ap- 
pears is to choose the functions on M(oo) to use as Dirichlet data at infinity 
for the coordinate functions. This issue could in principle be bypassed by 
constructing functions that satisfy a Neumann condition at infinity, i.e. such 
that their derivative along a certain set of unbounded geodesies decays fast. 
In the classical context of conformally compact AH manifolds, it can be seen 
that such functions induce harmonic coordinates on the boundary at infin- 
ity. This is the method we will pursue in this article: we first prove a first 
regularity result for the metric g = t~'^g sufficient to construct harmonic 
charts on M(oo) and show how to extend them to harmonic coordinates 
on M satisfying a Neumann condition at infinity. Then we use the Neu- 
mann condition at infinity to show that these functions are actually "nice" 
functions on M (meaning e.g. that for such a function (j), {diplg = 0{t~^) 
so \d(j)\g = 0(1)). This will be carried out by two integration arguments 
(Lemmas 12.131 and I2.15P . An important tool in this study will be the local 
Sobolev spaces introduced by Sakovich and the author in [GSlOj . 

The outline of this paper is as follows. Section[2]contains all the basic tools 
we will need in this paper: basic definitions, construction of the function t 
which will serve both as a conformal factor and a coordinate (Proposition 
12. 7p , two integration lemmas (Lemmas 12.131 and I2.15P and a lemma to con- 
vert estimates with respect to the metric g to regularity for the metric 'g 
(Lemma l2.16p . Section [3] is devoted to the proof of the first part of Theorem 
11.11 which will also be used in Section [3] to construct harmonic coordinates 
charts satisfying a Neumann condition at infinity. We also prove Proposi- 
tion [23] showing how to glue M{oo) to M. Section |3] is divided in two parts. 
First we construct harmonic coordinates on M(oo), then we extend them to 
harmonic charts on M. In Section O we prove estimates for the derivatives 
of the coordinate functions. Finally in Sectional we prove Theorem 11.11 in 
the case 1 < a < 2. 

Acknowledgments: The author is grateful to Eric Bahuaud and Julien 
Cortier for useful comments on preliminary versions of this article. The 
author benefited from the experience of Gilles Carron, Raffe Mazzeo and 
Laurent Veron. The author also thanks Mattias Dahl, Erwann Delay, Marc 
Herzlich, Xue Hu, Jie Qing and Yuguang Shi for their interest in this work. 
Last but not least, the author is indebted to Anna Sakovich for her careful 
proofreading of a preliminary version of this article. 
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2. Preliminaries 

In this section we present some preliminary definitions and results. Let 
us first begin by some notations: 

2.1. Notation. In what follows we will always assume given a complete 
non-compact Riemannian manifold (M, g) of dimension n + 1. We use Latin 
letters to denote indices going from to n and Greek letters for indices from 
1 to n. Unless otherwise stated, we use the Einstein summation convention. 
Let T be an arbitrary tensor, then T is dominated by some function / : 
M ^R{T = 0(f)) if 

\T\, = 0{f). 

However if T is for example a covariant 2-tensor, the notation T^i, = 0(f) 
means that the component Tf^i, of the tensor T is dominated by /. Our 
convention for the curvature tensor is the following: For any vector field X 

This convention is the opposite of [Bah091 IBGOSj . We denote by K, the 
constant +1 curvature tensor 

^ijkl = QikOjl — 9ik9jh 

and by £ the difference between the curvature tensor and the constant — 1 
curvature tensor: 

£ = n + ic. 

For an arbitrary symmetric 2-tensor T we denote by T the traceless part of 
T: 

rjn rj~t 9 kl 

n + 1 

Remark that the traceless part of T does not depend on the metric 5 in a 
given conformal class. 

We will be dealing with two different metrics: g and g and with their 
associated function spaces. To distinguish if we are using the function spaces 
associated to g or 'g, we will sometime indicate the metric. When the metric 
is not indicated, the rule is the following: weighted function spaces always 
refer to spaces defined using g while unweighted function spaces defined on 
a subset with non-empty intersection with the boundary at infinity dM = 
M(oo) will always denote function spaces defined with respect to the metric 
9- 

2.2. Basic definitions. Before entering the details of the proof of Theorem 
II. H we start by giving a precise definition of certain terms already appearing 
in the introduction. We introduce the following three definitions: 

Definition 2.1 ( |ST05j ). Let {M,g) be a complete non-compact manifold, 
(M, g) is called asymptotically locally hyperbolic (ALH) of order a > if the 
sectional curvature of the metric g satisfies 

(ALH) |7^ + /C|^ = 0(e-""), 

or equivalently if 

secg +1 = 0(6--^*), 
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where s is the distance with respect to the metric g from any given point or 
non-empty compact subset of M. 

Definition 2.2 ( |BM08j ). A non-empty subset K C M is cahed essential 
if it satisfies the fohowing assumptions: 

1. is a compact submanifold of codimension of M with smooth 
boundary Y, 

2. 

(NSC) sec(M \K) <0, 

3. K is totally convex, i.e. if 7 : [a; b] — > M is a geodesic with 7(a), 7(6) G 
K, then 7([a;6]) C K. 

Definition 2.3 ( |EU73j ). Let {M,g) be a complete non-compact Riemann- 
ian manifold. The boundary at infinity M(oo) of {M,g) is the set of equiva- 
lence classes of unbounded geodesic rays 7 : [0; 00) —5- M having unit speed, 
|7|g(t) = 1, under the relation 

71 ~ 72 iff (ig(7i(t), 72(t)) is bounded when t — )• 00. 

In [ BM08) . Bahuaud and Marsh proved the following result: 

Proposition 2.4 ( |BM08] ). Assume that {M,g) admits an essential subset 
K. Denote Y = dK and N^Y the outgoing normal bundle ofY. Then the 
exponential map induces a diffeomorphism 

N+Y ~ M \ k. 

Furthermore, the map y ^ (Ty, where cTy denotes the outgoing unitary geo- 
desic normal to Y starting at y, defines a bisection Y ~ M(cxd). 

We now introduce a new class of function spaces which are the ALH 
analogs of the one introduced in |GS10] : 

Definition 2.5 (Local Sobolev spaces). Let Ehea. geometric tensor bundle 
over M, VL d M an open subset, p G (1;cxd), k a non negative integer and 
(5 G M. We define the X^'^(r2, E) function space as the set of sections 
u G WiJ^{Vl^E) such that the norm 

II II — II II 

ll^llJs:^P(^2,£;) ~ sup e \\u\\wi''P{Bi{x)r\Q,E) 

is finite. 

Remark 1. If we choose a different radius for the ball appearing in the 
definition of the X^'^-norm, then we get an equivalent norm. 

2.3. Codazzi-type equations. In the rest of the article we shall say that 
an equation of the form 

^ {Ejk ^ jTijf — fijk 

for a symmetric 2-tensor T is a Codazzi (or of Codazzi type) equation. This 
kind of equations usually appears in the study of hyper surf aces, see e.g. 
|Pet981 Chapter 2, Theorem 3.8], but also shows up in different contexts in 
Riemannian geometry. The one that will interest us most in this article is 
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the following: if Tij = ^ij(l> is the Hessian of a certain function (p, then T 
satisfies the following equation: 

This equation is not elliptic in general. But in the case where T is traceless, 
in particular if T is the Hessian of a harmonic function, it is easily shown 
that the principal symbol of this equation is injective. As a consequence, 
the following proposition holds: 

Proposition 2.6 (Elliptic regularity for the Codazzi equation). Let Q, C 

]^n+i ^ non-empty hounded open subset. Let g he a W'^''^ -metric on for 
some p G (n + l;oo), g uniformly equivalent to the Euclidean metric on Vt. 
For any Q.' Gd ^ and any q G (yj^',p there exists a constant C (depending 

only on 0', p, q, ||9|Ivi/i.p(q) ^^'^ l|5'~^llvFi'P(ri)^ such that for any traceless 
symmetric 2-tensor T £ L'^{Vt) satisfying 

^ iTjk ^ jTik — fijk 

where f G L'^i^), then T G W^^\9-') and 



Proof. In this proof, we denote {x^ , x^, . . . , x") the canonical coordinates on 
M"""*"^. We concentrate first on the case g = 6 the Euclidean metric. The 
Codazzi equation reads 

diTjk djTik = fijk- 

Tracing this equation over i and k and using the fact that T is traceless, we 
get 

B^T ■ — P - 
u -i-ij — J ]i- 

Taking the divergence of the Codazzi equation with respect to the i-index, 
we obtain 

^Tjk — d'djTik = d^fijk- 
Combining the previous two formulas, we get 

^Tjk = d^fijk + djf\i. 

The proposition follows then from standard elliptic theory. 

We now consider the general case and apply a zoom process analogous to 
[CTOll Theorem 9.11]. We assume first that T G wl;^{n). Select P eTV. 
Without loss of generality, we can assume P = and, by a linear change of 
variables, that gij{P) = Sij. Let A G be large enough so that i?2(0) C 
Q and set y = Ax. In what follows, indices with a prime correspond to 
components of tensors with respect to the y-coordinate system: 

d-, = — = i — 

* dy^ A 5x* 

and set g' = \^g so that g[iji{fS) = 6i'j' where 5i'j' = 1 if i' = j' and 
otherwise. In this coordinate system, the Codazzi equation reads 

di'Tjik' — djiTiik' = fi'j'k' + '^i'k''^j'i' ~ ^fk''^i'i'- 
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Let X S C^(i?2(0)) be a cut-off function such tliat < x ^ X = 

1 on Si(0). Set = ^6''i'Ti,f = [s'' ^' - g'^' f and U^j, = 

x{y) {Ti'ji — (pdi'j'). [/ is a symmetric traceless 2-tensor for the metric 
U satisfies the following equation: 

di'Ujik' — djiUi'k' = xi^fi'j'k' +^i'k'Tj'i' —T^jik'Ti'i 

-5jik'dii{x4>) + 6i>k'djf{x<p) + Tj'k'di'X - Ti^k'dj'X- 

Hence, in the y-coordinate system, there exists a constant C > such 
that 

(we used the fact that < ||T||ip). In this estimate, all the norms 

are with respect to the y-coordinate system and the y-components. We 
claim that llrxTll^,^^^) < C\\T\\Lp(^B2)\\xT\\w-^,q{B2)- Indeed if g < n + 1, 
from the Sobolev injection, we have that TxT G L'^{B2) with - = - + 
I - ^ < I while if q > n+1, TxT e LP C L"?. Since \\xT\\w^.^. < 
C{\\U\\wi.i + \\x4>\\w^'i)i we get 

IIXTII 

vyi.'j(B2) 

<c{\\xf\\L.iB2) + \\nL.iB2)\\xT\\ 

+ \\xHw^-HB2) + \\T\\li{B2)) ' 

where we also used the Sobolev injection. 



We now claim that 

Ig' - -511^1,^(52) = o ( ^^n+i ) ■ 

V A p / 



Indeed 



A"+^^ Y,\\-^d,g,k\^ dx 



From [GTOll Theorem 7.17], for any y £ B2, 

\g'iy) -S\ = \g'iy) - g'iO)\ < C \\d'g\, = O 

V A p 

From the expression of the Christoffel symbols, we get that for any triple 

1 



■pfc' 
i i'j' 



= O 

LP{B2) VA^""? 
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Similarly if A is large enough so that l6 <g' < 26 on B2, 

C 

\\X(l>\\w^'^{B2) ^C\\g- \\xT\\w^,,i^B2) ^ i_n+i \\xT\\w^,,i^B2) ■ 

A p 

As a consequence, we proved that, if A is large enough, 



1 



\\xf\\Ll(B2) + II^IIl9(B2) I n + 1 IIX?'IIh'1''?(B5 



71 + 1 



Thus if A is such that A p > 2C, 

ll^lll4^1.9(Bi) ^ IIX^IIiyl,9(B2) - 2^ ( IIx/IIl9{B2) + II^IIl9(B2) i ' 



Returning to the x-coordinate system we have proved that for any P G 
there exists a A > and a constant C such that 



ll^llwl>9(Bl) ^ ( 11/11^,(^2) + II^IIlp(B2) 

The proof of the estimate now follows by covering fi' by a finite number 
of such ellipsoids (since we used a linear change of variable to assume that 
gij{P) = 6ij). 

We now remove the assumption T £ W^^^ and assume only that T £ L'^. 
The proof is based on a mollification argument, see e.g. [GTOH Section 7.2]. 
Let p : W^^^ — )• M be a smooth non-negative function supported in -Bi(O) 
such that J^n+i p{x)dx = 1. For any function u €z L'^ vanishing outside some 
compact subset K C il, and /i > 0, we set 

x-y 

P I 

n + l 



We denote r = ^d{Q,' ^W."-^^ \ 0), where d is to be understood as the 
Euclidean distance. Let /i > be such that h < r. Then the functions 
T^pQ^p . . . make sense on 0" = {x G W^~^'^\d{x, 0') < r}. Upon diminishing 

h if necessary, we can assume that all the metrics are uniformly equivalent 
to the Euclidean metric on Q" . We can assume without loss of generality 
that T is compactly supported in ^l". Indeed, let ^p S C^{Q") be a smooth 
function such that < ^ < 1 and ^ = 1 on ^2', then T' = ipT satisfies 

thus if the proposition is proved for compactly supported functions, since 
T' = TpT on n' we conclude that T G W^'^iQ'). 

We let (f) = 7^ \9 ) T^-, where [g ) is the inverse matrix of g^^ and 
define T^j = T^j — (fi^g^j- T^j satisfies the following equation: 

dif^k - d,fi = fik + (^IkT.i - rJfcT^y - hicl^^g^,) - d,{cl,^gi) 
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Let r be such that 



i + I < 1. We find that 



< 



L^{n") 



<c\\r 
< 



jk- 

T\ 



Lp(n) 
< C 



Li{Q) ' 
Li{Q) ■ 



By a proof entirely similar to the previous one, we find that this implies 
that 



rpt: 



< c 



\Lp{VI) 



+ \\T\ 



Li{n) 



for some constant C depending only on Q,, p, q, \\g\\\yi,p(^Q-j and 

We now let h tend to zero. Then ^ T strongly in L"? and, since 
14^^''"(ri') is reflexive, there exists a sequence hi ^ such that {T^^)i con- 
verges weakly in W^''^{p.'). Hence, T = weak — lim T'^' G W^'^{Vl'). From 
the Sobolev embedding theorem, T G where r* = ooifr>n-|-l. 



j_ 

r* 



1 

n+1 



+ 



1 

n+1 



< - \i r < n + \. Therefore, by a bootstrap 



argument, we can prove that T € W^''^{Q'). 



□ 



2.4. Construction of a new conformal factor. In earlier work, Bahuaud 
and the author employed the function e^'^ as a defining function for M{co). 
This idea was also employed in |HQS09j . The main new idea we shall exploit 
here is to remark that the function approximately satisfies a certain PDE: 

Ae^ = {H + l)e' ~ (n + l)e^ 

where H = n + 0{e~"'^) is the mean curvature of the level sets of s (see 
Proposition I2.9p . We replace it here by another function t that satisfies 
exactly this equation. This permits to get more precise informations on 
the metric g. Note that similar eigenfunctions for the Laplacian have been 
previously considered in other contexts. See |Lee95| . |Qin03 BMQ06| or 
|Her05| . In this subsection, we prove the existence of t: 

Lemma 2.7 (Radial coordinate). There exists a unique function t : M — )• M 
such that 

( At = {n + l)t 

e" + 0(e(i-")^). 



t 



Furthermore t — e^^ -^a-i' ^ Hess(t) — G ^a-i for any p E (n + l;oo). 

The proof consists in several steps contained in the next subsections. We 
denote Ys the hypersurfaces of constant s. 

2.4.1. Estimates in Fermi charts. In a Fermi coordinate chart, the metric 
and shape operator satisfy the system of differential equations (|l.ip that 
we refer to as the Riccati system (see e.g. [PetOSj Chapter 2, Proposition 
4.1]). We prove estimates for the shape operator by analyzing the Riccati 
equation. We begin by considering the following scalar differential equation: 

r dsX + X^ = l + 0(e-'^^), 
I A(0) > 0. 
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The following lemma has already been proven in |BG08t Lemma 2.1] and 
|HgS09[ Lemma 2.1] (see also [5TU5] and |Bah09] ): 

Lemma 2.8. Suppose that f G L°°([0;oo)) such that there exist constants 
e > and J > with 

j f > e a.e., 

\\f{s)-l\<Je~-^ a.e., 
where a G (0; 2) . Suppose further that X is a solution of the Riccati equation 

A' + = /(s), and 
A(0) > 0. 

Then X is a positive Lipschitz function such that, for a positive constant 
C = C{a,J,X{0)), 

|A - 1| < Ce-"^ 

for all s > 0. 

The proof of the following proposition follows the same method as its 
analogues in |Bah091 fBGOSj using Lemma \2M for the basic scalar estimate. 
See [Bah07j or |Pet98l Chapter 6] for more details. 

Proposition 2.9 (Asymptotic for the second fundamental form, |BG08j ). 
Given curvature assumptions ()NSC|1 and (jALHp for some a G (0;2), let 
{y^,s) be Fermi coordinates for Y on W x [0, oo) for an open set W C Y. 
There exists a positive constant C such that we have 

(l_C7e— < s\{y,s) < (1 + Ce— ) <5^„. 

2.4.2. Harmonic coordinates, harmonic radius and applications. We recall 
further results from |BG08j . Given an arbitrary smooth (n + l)-manifold 
M, X G M , Q > 1, /c G N and a G (0, 1), the Cq'^-harmonic radius is the 
largest radius rn = rniQ, k, a){x) such that on the geodesic ball B^irn) 
centered at x with radius rn, there exist harmonic coordinates in which the 
metric is Cg^-controlled: 

1. Q~^5ij < Qij < Q5ij 
Q-1 

The following theorem is taken from |HH97| : 

Theorem 2.10 ([HH97j). Given a e (0,1), Q > 1 and5 > 0. Let {M,g) be 
a smooth complete (n+1) -manifold and let $7 be an open subset of M . Set 
= {x G M such that dg{x,VL) < 5}. Assume that there exists a constant 
C > such that: 

(2.1) |R.ic(x)|g < C for all x G Qs- 

Assume also that the injectivity radius is bounded from below on Qg: 



(2.2) 3 i > such that inj (^^^g) (x) > i Vx G Jl^. 

There exists a positive constant tq = (n, Q, a, 6, C) such that 
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(2.3) rH{Q,l,a){x)>ro \/x e n. 

As pointed out in [BG081, (Af, g) satisfies the assumptions of the theorem. 
Indeed, it is obvious that there exists a constant C > such that |Ric(a;)|^ < 
C. So we need only to prove that the injectivity radius is bounded from 
below. Since K is compact it is sufficient to prove it on Q = M \ K. Set 
= {s > —5} where s is to be understood as the signed distance to 
Y = dK. If 5 is small enough there is a diffeomorphism — (—25, oo) x Y 
given by the normal exponential map, such that sec^ < on 0.25 and the 
second fundamental form of the slices Yg is positive definite. The exponential 
map with base point in Vt^ has no critical point at radius smaller than 5 
because of the negative curvature assumption so the injectivity radius on 
is bounded from below if there is no closed geodesic with arbitrary small 
length (see |Jos081 Lemma 4.8.1]). Even more is true: 

Lemma 2.11 ( [BG08j ). There is no closed geodesic lying entirely in Qg. 

Proof. Let 7 : — Jl^ be such a geodesic parametrized with constant speed. 
The function s has a non-negative Hessian on Qs because its Hessian is the 
second fundamental form S of the slices 1^ so the image of 7 must lie in 
a slice 1^ because otherwise s would reach a maximum on the image of 7. 
Now 7 satisfies the geodesic equation, V^7 = 0, and in particular 

= (iV,V^7) = -5(7,7)/0, 

where is the unit normal vector to 1^. A contradiction. □ 

As a first consequence of this result we can prove the following analog 
of the Cheng- Yau maximum principle (see e.g. |GL91| or |GS10] for other 
variants) 

Lemma 2.12 (Cheng- Yau maximum principle). Let {M, g) he an ALH man- 
ifold, K <Z M an essential subset and f G Cfg^{M) be a function bounded 
from above. There exists a sequence of points pi & M such that: 

• limfc^oo f {Pk) = supjv/ / 

• liiTifc^oo Wf{Pk)\g = 

• limsupfc_^oc A/(pfc) < 0. 

Proof. Set F = (supjv/ /) — / so F > 0. Without loss of generality, we can 
assume that F > Q everywhere on M. Select a sequence of points qk € M 
such that limfc F{qk) = 0. Choose arbitrary values for Q > 1 and a G (0; 1). 
From Theorem 12.101 and Lemma [2. Ill there exist harmonic coordinates (x^) 
on each of the balls Br{qk), where r > is the the infimum of the ((5,1, a)- 
harmonic radii of points of M, in particular, in these coordinates Q~^dij < 
Qij < Q^ij and \digij\ < Q. We will also assume that x\{qk) = 0. We set 
(t)k = r"^ — X]j(a;*)^. It is easy to see that \V(t)k\g and |Ag(/)fc| are bounded 
on Br{qk) by some constant C which depends only on n and Q. Choose pk 
such that 

F{pk) . F 

— - — - = mm — . 

4>k{Pk) BrCxfc) (pk 
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We prove now that the sequence of points pk satisfies the conclusions of the 
lemma. Indeed, since 4>k{Pk) < = 4^k{<lk)-, one has 

Fin) = < ''^IH ^ ''IH = ^(*'- 

(Pkipk) (pkKPk) (Pk[qk) 

so F{pk) i.e. f{pk) supM /• Also at pk, Vlog ^ = 0, so ^ = 
From this we get that \Vf\gipk) = \VF\g{pk) = j;:{Pk)\y(pk\g < ^F{qk) 
0. This proves the second point. Furthermore Aglog -^{pk) > 0. From this 
we get: 



A3 log F > Aglog(l)k 
AgF \VF\l ^ Agcbk N^kll 
F F^ - ct>k <Pl 

AgF ^ Ag^k 

F - (t)k 
F 

AgF > —{pk)Ag(t)k. 

Arguing as for the gradient, we get that Agf{pk) = —AgF{pk) is smaller 
than some quantity that tends to when k tends to infinity. This proves 
the third point of the lemma. □ 



2.4.3. End of the proof of Lemma 2.1. We first extend the function e 



M \ — ^ M to a smooth function to : M ^ M. and write t = to + ii- The 
function ti has to satisfy 

-Ati + (n + = Ato - (n + l)to 

= {H - n)e'' outside K 



From the estimate H = n + 0(e~"*) (Proposition 12. 9|) . we deduce that 
f := {H - n)e^ = 0{e^^~"-^'^). For any integer i > i) set Ki = {s < i] U K. 
Remark that \ds\ = 1 so dKi is smooth. On each iTj, there exists a unique 
solution t\ e W'^'P{Ki) of the equation 

( -At{ + {n + l)t{ = f on Ki 
\ 4=0 on dKi. 

We now proceed in two different manners according to the value of a: 
• < a < 1: Set (/)+ = A + t^^ If ^ > is large enough, it can be easily 
checked that is a super-solution: 

-A(p+ + (n + 1)0+ > S(l)+ 



for some constant 5 > 0. Computing as in ^GL91j . we get 



CONFORMAL COMPACTIFICATION OF ALH METRICS 



15 



-At\ 



-A 
t 



^A(/.+ - 2( V(/)+,V--i 



f-{n + l)t\ 

9+ 9+ 
f 



--^A(/.+ - 2( V(/)+,V--^ 



-aA. 



4 A0^ 



+ n + 1 



A- 



By the maximum principle (Lemma I2.12|) . we get that 



(remark that 



sup 



V0+ 



< ^ sup < C 

K, 4>+ 



< OO 



is bounded on M). A classical argument involving 



the compactness of the embeddings W'^'P{Ki,'R.) C^{Ki,W) for each i to- 
gether with elliptic regularity and a diagonal extraction process (see [GL91] ) 
yield the existence of a solution ti G W^^^ of our initial equation. From the 
fact that I til < C WfWj^oo ^(^j^^-j and standard elliptic regularity applied 

in harmonic charts, we get that h E X^f^{M,R). 

• 1 < a < 2: The classical maximum principle leads to the fact that all the 
functions t\ are uniformly bounded so the limit function ti is bounded. Now 
remark that if i > is large enough, then the function = ^e*^^~"-** is a 
super-solution on M \Ki: 

-A(/)+ + {n + !)(/)+ > 5^+ 

for some constant 5 > 0. Select A large enough so that 6(f)j^ > / on M \ Ki, 
0+ ^ l^il + 1 on dKi. Then Lemma [2.121 shows that — (/>+ < ti < 0+- Hence, 
by elliptic regularity in harmonic charts (given by Theorem I2.1U|) , we get 
that ti G X^fi(M,M). 

Uniqueness is an easy exercise in both cases. The Hessian of t satisfies 
the following equation: 



Let T = Hess(t) — tg, by assumption this tensor is the traceless part of 
the Hessian of t. A simple calculation leads to the following equality: 
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Let X be an arbitrary point on M. Let r = rniQ, 1, a)- Applying Propo- 
sition [2?6] in harmonic charts centered at x, we get that 



\'^\\w^>P{Br{x)) < C 



LP{Br{x)) 



+ \\T\ 



LV{Br{x)) ) ' 



where C > is a constant which depends only on Q. From the first part of 
the proof, we know that t — G ^t-i so 



Hess(i)-tg = Hess(t - e'') - (i - e'')5 + Hess(e'') - 6"*^ 

= Yiess{ti) - tig + e"" {S + ds ® ds - g) on M\K 



0,p 
a-1' 



since from Proposition 12. 9t S — Qs = 0{e °'^) where gs is the metric induced 
on Ys- Similarly, 



< sup |<?L ||Vt| 



Lv{B^(x)) \Br{x) 



LP{Br{x)) 



Hence, 



i.e., following Remark [2l T G X^f^ 



\T\\ <r nA'^-"-)^ 

K \\W^.P(Br{x)) ^ '-^^ ' 



Remark 2. We can now replace in the definition of the X spaces by t. 

2.5. Two integration lemmas. Estimates for the L^-norm of tensors in 
balls of constant radius can be obtained by a integration argument. This is 
the content of the next lemma. Before stating it, we need to introduce some 
notation. Let U be an open subset of M" and let ho be the Euclidean metric 
on U. Define on = (0; oo) x U the metric 

h = duP' + hu, , 

where = e^'^hQ. Let T be a covariant tensor of rank k defined on N . For 
any point x = {w, x^, . . . , x"), we introduce the tangential (pseudo-)norm of 
T with respect to the metric h as follows: 

k 

I 'h,t ~ ""w "-w '^fii...fik^t^k+i---fJ'2k- 

For any p £ [l;oo) and any open subset 0, C N, we define the tangential 
L^'-norm by 

(2.4) riiLf(n,h) = (j^i^iL'^/^^)'- 

Define, for any w G (0; oo), x £ U and r > 0, 

^w,xir) = {{w' , y), \w' — w\ < r and |y — 2;| < re~^}. 
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We also denote 



Bw,xi^) = {(^' y)\ - r < z < r,\y - x\ < re ™}. 

Lemma 2.13. Let x & U and r > be such that Br(x) C U and p G [1; oo). 
Let T be a covariant tensor of rank k on N such that T G L^^^, OqT G L^^^. 
The following estimate holds for any wq, wi eM. such that < wq < wi: 

J Wo 

I „(^-'=)("'i-"'o) IITII 

Proof. From the fundamental formula of calculus, for all y G By(x) and 
z G (— r;r), we have 



T{wi + z,y) = I doT{w + z,y)dw + T{wo + z,y). 

J Wo 

Taking the norm and keeping track of the point under consideration, we 
get 



doT{w + z, y)dw + T{wq + z, y) 



wo 
Wl 



fW\ 

< / \doT{w + z,y\^^^^^tdw + \T{wo + z,y\^^^^^, 

J Wo 

fWl 

< / e-'^^^-^^\doT{w + z,y)\^^^^^,dw 

•J wo 



wo+zi 



t ■ 



By the triangle inequality for the norm 



Bw,x{r) 



\f{z,y)\Pe-'dzdy^\ , 



we get 
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< e'^^""'-""^ [ f \doT{w + z, y)\l^^^^t e'^("'i+^)(izdy" ) ' dw 



/ \T{w, + z,y)\l e-^-^+^^dzdy- 



1 



< 



""e(?-'=)(-i— ) [ I \doT{w + z,y)\l^^^^^e<^+'UzdyA' dw 

Wo \J Bn,.x{r) " ^' / 



Consequently, 

where we used the notation w + -B«,i,x(^) = {{w' ,y)\w — r < w' < w + r,\y — 
x\ < re~^}. Finahy remark that for any w < wq, w + Bw^^x C Q.w,x{^)- This 
conclude the proof of the lemma. □ 

Intuitively, the exponential term appearing in Lemma [2.131 should be e~^'^ 



instead of e^^ kyw ^ This is due to the fact that translating roughly a co- 
variant tensor of order k in the t(;-direction makes its tangential norm de- 
crease by a factor e~^^^ where 6w is the displacement. Remark however 
that this factor is the pth-root of ratio of the volumes of tt; + Bw^^x{f) and 
w + B^j^xif) = ^w,xi''')- We will show that this undesirable fact can be 
avoided in certain circumstances. See Section [5l 

Estimates based on this lemma will be obtained by the Gronwall lemma 
which we state here for future references. The proof of this lemma is stan- 
dard. 

Lemma 2.14 (A Gronwall lemma). Let a,b : [wo;wi] — J- M 6e two continu- 
ous functions defined on the interval [wo;wi], with b>0. Let f : [wq;wi] — )• 
M be a continuous function such that 



Vw ^ [wo;wi], f{w) < a{w) + / b{v)f{v)dv, 

J wo 

then f satisfies the following inequality: 

Vu; E [wq;wi]J{w) < a{w) + / a{v)biv)e-f^ ''^'''^'^''dv. 

J wo 
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We also present a development of Lemma 12.131 which will be useful in 
Subsection 15.31 where we will see that the naive estimate for the tangen- 
tial derivatives of certain functions (the components of the Hessian of the 
coordinate functions) is weaker than the estimate for the derivative in the 
direction of w. 

Lemma 2.15. Let x & U be such that Br{x) C U and p G (n + l;oo). 

Let F £ Wi^^{N,M.) be a function. There exist constants ci,C2 depending 
only on p and r such that for any Wo,wi £ (0;oo), wi > wq, the following 
estimate holds: 
(2.6) 

+ 2 ef^"^-") ||5oF|| 

LP(n.., ^(r) h) 



LP{Q,n,.x{r),h) 
wo 



where 



F{wi,x) = / / F{wi + z,y)e^^^^^'Uydz 

is the average of F on ^wx,x{f) with respect to the measure associated to h. 

Proof. As in the proof of Lemma I2.13| we start from the fundamental for- 
mula of calculus: 



F{wi + z,y) = F{wq + z,y) + / doF{w + z,y)dw. 

J wo 

Integrating with respect to y and z, we get 

^(^1,^) = in \ M / F{wo + z',y')e^(^^+^'Uy'dz' 

+ TT\ / / doF{w + z\y')e<^^+-^Uy'dz'dw. 

Hence, 

(2.7) F{wi + z,y)-F{wi,x) = 

F{wo + z,y)- \ [ F{wo + z' , y')e^(^^+^'Uy'dz' 

+ r (doFiw + z,y)- \ ., / doFiw + z' ,y')e^('^'+''Uy'dz'] dw. 

Jwo \ \'^iwux[r)\ J(z',y')&B^-,,^{r) J 



We now estimate 



F — F{wi,x] 



, the L^-norm of this previous 

expression on r2^^^2,'(?')- We estimate first the second term of (j2.7p . Re- 
mark that the term integrated with respect to z' and y' is the average of 
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doF{w + ., .) over Bwj^,x{r) and is independent of z and y, so 



\n. 



wi,x 



doF{w + z', y')e''^'"^+''Uy'dz' 

doF{w + z',y')e''^'^'+''Uy'dz' 



< 



< CP 



(wi —to) 



ll^oi^ll 



{doF{w + z', y')f e''^'"'+'">dy'dz' 

LP{w+B^^^^{r),h) ■> 



where we used the Holder inequahty to pass from the second hne to the 
third one. Hence, 



1 



doF{w + z,y) - . , 



doF{w + z',y')e''^'"'+''^dy'dz' dw 



< 2 / ep 

I wo 



^(wi-w) 



\\doF\\ 



LP{w+B^^,^(r),K) 



dw. 



We now estimate the L^-norm of the first term of Equation ()2.7p . We remark 
that it can be rewritten as follows (see also |GTOH Lemma 7.16]): 



F{wq + z,y) 
1 



F{wo + z',y')e'^^'"'+'^dy'dz' 



\^wi,x{^)\ J{z',y')eBn,i,:,{r) 

{F{wo + z,y)- F{wo + z' , y')) e^^^^+'^^dy'dz' 



\^wi,x{r)\ J{z',y')(iB^^,^{r) 

/' / {{z - z')doF + {y- y'rdf^F) (wq + z' + \{z - z'),y' + \{y - y')) 

A'^n Jo J(z'y')eB^,.^(r) 



\^wi,x\.'r)\ JQ J(z',y')eB^^^^(r) 

e^^'^^+'^dy'dz'dX. 



Hence, using the convention that, unless explicitely written, F and its deriva- 
tives have to be evaluated at the point {wq + z' + \[z — z'), y' + \{y — y')), 
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we get 



/ F{wo + z,y)- \ / F{wo + z', y')e<''^+'^dy'dz' e^'^^^^'^ dzdy] " 



< 



— (f 



\^wi,xyr)\ \J(z,y),{z',y')£B^-,,:,(r) 

e^{y^i+^')dz'dy'e''^'"^+'Uzdy^ p 



[\{z-z')doF + {y-y'rd^F) dX 
Jo 



< 



I ^wi ,x(r)\ \J(z,yUz',v')eB^^ ,^ (r) 
1 



\^wux{r)\ \J(z,y),{z',y')&B^^,^{r) 



[ {z-z')doFdX 
Jo 

[\y-yrd,f 
Jo 



e^(2^i+^'+^)dz'dy'dzdyj 



e^('^^^+^'+')dz'dy'dzdy 



< \ M / I / Uz- z')doF\'^e''^'^'^'+^'+'Uz'dy'dzdyY dX 

\^iwi,x[f)\ Jo \J{z,y),{z',y')eB^^,^{r) J 



\^wi,x{^)\ Jo \J(z,y),{z',y')eB^^,^(r) 



{y - y'ydiFf e<'^'"^+'' +'hz' dy' dzdy j dX 



Remark that if {z,y), {z' ,y') G 5^i,2;(r), \z - z'\ < 2r and \y - y'\ho < 
2^gr-wi_ Thus, \y — y'lh^Q < 2re^e"'°~"'i. As a consequence, 



/ (f{wo + z,y)- ,„ \ / F{wo + z', y')e^^^^+''Uy'dz'] e^^^^+'^ dzdy] ' 

J {z,y)eB^^,^{r) \ \'^l'Wi,x\r)\ J (z',y')eB^-^^^{r) ) ) 



< 



2r 



f I 

Jo \J{z,y),{z',y' 



)eBwi,a;(r) 
1 



\^wi,x{f 

e^('^^^+^'+^)dz'dy'dzdy^ p 

+ 



\doF{wo + z' + X{z - z'), y' + X{y - y^'' 



\^wi,x{r)\ Jo \J{z,y),{z',y')£B^j^,^{r) 

e<'^^i+^'+^)dz'dy'dzdy] " dX. 



\\dF\^ {wo + z' + X{z - z'\ y' + X{y - y')) ^ 



In both integrals, we set u\ = z' + X{z — z') and vx = y + X{y' — y). So, 
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P ■ ' 



/ F{wo + z,y)- — / F{wo + z' , y')e<^^+'"^ dy' dz' e^^^^+'^Uzdy 

'(2,y)GB,„i,,(r) \ \^lwi,x\r)\ J {z' ,y')eB^^,^(r) J y 



p 



2r /"^ n+i 



1 



^ in f M I [ I \doF{wo + ux,y + vx)fe''^^^'+''+'^duxdvxdzdyydX 

I'^l-wiA^n Jo \J{z,y),{z',y')eB^^,,{r) J 



3 \J{z,y),{z',y')eB^^,4r) J 



1 



1 



+^ r^l^^«.i,x(r)|^ / \-—dX{ \\dF\,^{wo + z,y)\^e^^^^^-'^dzdy 



"wi.xi'^jl Jo \J{z,y)&B^^,:,{r) 

2rp i„i a(^j_u;o) II „ II 

Combining the two inequalities, we finally get: 

F-Fiwi,x) <ciep^'"'""°^ \\doF\\^,,,j^ . . 

-(l~^)(«'l-«'0) II rj;,,, 

/■It;! 

+ 2/ ep^"^-") liaoFll 



LP{Q^,:c{r),h) ' 
wo 



where 



Cl = ir^^i ^(r)|p" ,C2 = \n.ajj^ x{r)\p~ . 

p — n — 1 p — n — 1 

(Remark that the volume of 0,m_x{r) depends only on r). □ 

2.6. A regularity result. In this section, we show how the behavior of 
the derivatives of a function near an hypersurface influences its regularity. 
Similar results have been previously proven in |BG081 Lemma 3.8], see also 
|HQS09 Lemma 2.4] and jTayll Proposition 13.8.7]. Due to the fact that 
Schauder estimates are false for or W'^'°° regularity, we will not always 
get L°°-control of the derivatives of the metric. So we give the following 
improvement. Let U C be an open subset and e > 0. We denote h the 
hyperbolic metric h = -^{dp^ + '^i{dx^)'^) on = [/ x (0; e) and remark 
that setting w = — log p this metric equals the metric defined in Section 12.51 
For any r > 0, we set 

(2.8) Q.{r) = ^{w,x)(in^w,x{r). 
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Lemma 2.16. Suppose that for some r > 

F : n{r) R 
{x,p) ^ F{x,p) 

is such that dF € Xa'^{^l{r),h), for some p G (n + l;oo) and some a > 
such that a < 1 — Then F G C"(r2) where the closure is taken in 

R" X R+. 

Proof. Our proof extends |BG081 Lemma 3.8]. We introduce the coordinate 
w = — log p. We first remark that it is sufficient to prove the following 
tangential Holder regularity: 

o^ |F(3;i,p) - F{x2,p)\ , ^ „ ^ ^ m ^ 
(2.9) ■ <C yxi,X2 e U,p e {0;e) 

\Xl — X2\ 

for some constant C independent of xi,X2,p- Lideed, if pi,p2 G (0;e) (with- 
out loss of generality, we will assume that pi < P2) then, 

\F{xi,pi) - F{X2,P2)\ ^ \F{xi,pi) - F{x2,Pl)\ \F{x2,Pl) - F{X2,P2) 



(|xi - X2p + l/Oi - P2P)2 (|a;i - a;2p + |pi - p2P)2 (|xi - 2;2p + - P2P) 

- F{x2,pi)\ ^ I 
|xi - X2I" 
\F{x2,Pl) - F{X2,P2) 



^ \F{xupi)-F{x2,Pl)\ ^ \F{X2,P1)-F{X2,P2) 
~ \X1-X2\"' \Pl-P2\°' 



<c + 



\Pl - P2\ 



provided that Estimate ()2.9p holds. We estimate the second term as follows. 
For any pQ £ [pi; P2], we introduce the coordinates y = Pq^{x — X2). In the 
coordinate system {w,y), the metric h takes the following form 

h = dw^ + e^'^'"-'"°^6^,^dy^'dy\ 

where wq = — logpo- In particular, restricting to the cylinder {{w,y) £ 
M X R"|zi;o — r < w < wq + r, |yp < r^e~^^"'~"'°^} (which corresponds to 
^wo,x2{^) ill the coordinate system {w, x)), the metric is uniformly equivalent 
to the Euclidean metric dw^ + 5fj,^dy^dy^ . From the Morrey theorem [GTOlt 
Theorem 7.17], we get that for any {x,p), {x',p') S Qwo,x2{i~)i 



(2.10) 

\F{x,p)-F{x',p')\ 
{\w - lu'P + e'^^o\x - x'P)§ 



where C is a constant independent of wq, X2 and F, and w = — logp, 
w' = — log p' . In particular, ii x = x' = X2, w' = wq, we get that 

\w — Wo\ 

for any w E {wq — 1;wo + 1). Set k = [wi — W2J + 1 and 6w = "'^^"'^ < 1 
where we denote Wi = — log pi, i = 1,2 and by [x\ the greatest integer 
smaller than or equal to x. We estimate 
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fc-1 , 

-{w2 + {l+l)5w)-~ 



\F{x2,pi) - F{X2,P2)\ < k(x2,e-("'^+"-)) - F{x2,e- 



1=0 

fc-1 



1=0 



We now distinguish two cases, li wi — W2 > I, ^ < Sw < 1 then 



oo 

I 

2 



\F{x2,pi)-F{x2,P2)\ < C'\\dF\\^o,, e-'^^'^^e-'^ 

< C"\\dF\\^o,p p^ 

<c(3)||dF|Uo.p|p2-pir. 

If wi — W2 < I then k = 1 and 

\F{x2,pi)-F{x2,P2)\ < C'e-'''"^{wi-W2r\\dF\\^o,, 

< C'p^{wi-W2T \\dF\\^o,p 

< C \pi - \\dF\\ yO,p 

where we used the mean value theorem for the function log in the interval 
[pi,P2] to pass from the second line to the third one. This shows that 

\F{X2,P1)-F{X2,P2)\ 
\Pl - P2I 

is bounded independently of X2, pi, P2- 

We now turn our attention to the proof of the tangential Holder regularity: 

\F{xup)-F{x2,p)\ y an a(n ^ 
■ <C Vxi,X2 G G (0;e). 

\Xi — X2\"' 

We distinguish two cases. First if p > \xi — X2I, from the estimate (|2.1U|) . 
we get 

\F{xi,p) - F{x2,p)\ < C'\\dF\\ ^o,p\xi-X2r. 

Otherwise if p < |xi — X2I , as the proof of |BG081 Lemma 3.8] suggests, there 
is to lift this inequality up to some height h> p: 

\F{xi,p)-F{x2,p)\ < \F{xi,p)-F{xi,h)\+\F{xi,h)-F{x2,h)\+\F{x2,h)-F{x2,p)\. 

The first and the last terms in this inequality have been already estimated: 

\F{xi,p) - F{xuh)\,\F{x2,p) - F{x2, h)\ < C" \\dF\\^,,, h". 

To estimate the second term, we use the estimate (|2.1U|) and cut the seg- 
ment between xi and X2 in k small pieces of length at most p, where k = 
_l_ I , Hence, from the estimate ()2.10p applied with wq = — log p, 

we get: 

\F{xi,h) - F{x2, h)\ < kC'h" ||dF|Uo,p < C'h"-^ \\dF\\^o,p (|xi - X2I + /i). 
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Thus, we get the following estimate for the tangential Holder regularity: 
\F{xi,p)-F{x2,p)\ < 2C"||dF||-,o,p h^ + C'h"-^ \\dF\\^o,p {\xi-X2\+h). 
Selecting h = \xi — X2I, we get: 

\F{xi,p)- F{x2,p)\ < 2{C" + C') \\dF\\^o,p |xi - xa^. 
This ends the proof of the lemma. □ 



3. The case < a < 1 

In what follows, for any to £ we denote = t~^(tQ) the level set of 
the function t. Since the function t satisfies |Vt — Ve*|^ = 0{e^^~"'^'^), we get 
that the function t is proper and has no critical points outside some compact 
set i^' CC {t < to} for some to large enough. The gradient flow of t defines 
a diffeomorphism t~^[to; oo) ~ T^to x [to] oo). We can define a new coordinate 
system in a neighborhood of infinity by selecting coordinate functions x^ on 
some Uq C and extending them radially by the gradient flow (i.e. solve 
the first order ODE {dt,dx^)g = 0). We also denote w = logt. In these 
modified Fermi coordinates, the metric takes the following form: 

(3.1) g = N^dw^+g^, 

where = g^^dx^dx^ is the metric induced on the hypersurface Sf, 
where we set for any r > to, 

= {x e M|t(x) = r}. 

By analogy with the ADM formalism in general relativity, we will call the 
function N the lapse and remark that the shift vector is null in this con- 
text. Recall that we take the convention that Greek indices correspond to 
tangential coordinates x^ while zero index corresponds to the w coordinate. 
We set p = = e~^, where t is the function constructed in Lemma 12.71 
and g = p^g. From Equation (j3.ip . we get that 

g = N^dp"^ + p'^gu,. 
The aim of this section is to prove Theorem 11.11 in the case < a < 1 . 

3.1. Zeroth and first order estimates for the metric g. In this sec- 
tion, we show how the properties of the function t can be translated into 
estimates for the metric 'g. For future reference, we give the expression of 
the Christoffel symbols in modified Fermi coordinates: 
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Lemma 3.1 (Christoffel symbols of ^f). In the coordinates {w, x^) the Christof- 
fel symbols of the metric g read: 

.0 _ doN 



■pU 

00 



N 







r 



N 



Too = 9 



N 

2' 



^ua = ^a'"^ {duQaa + d^gua " dag„a) ( Christoffel Symbols of g^,)- 
Proof. Straightforward calculations. □ 

Lemma 3.2 (L°°-estimate for 1]). 

• For any a G (0; 2) the lapse function satisfies the following estimate: 

7V = l + 0(e-""'), 

• There exists a constant C > such that for any w G [wo;oo), where 
wq = logto; the metric g^ satisfies 

where we identify t~^(to;oG) C M and x [wq^oo). 

As a consequence, there exists a constant C" > such that the metric If 
satisfies the following estimate: 

C'^ {dp" + g^,) <g<C' {dp" + g^,) . 

Proof. First, from Lemma 12.71 we have that 

Hess(i) = tg + Oie^^-"^""). 

However, 

Vo,ot = i(l-rOo)=t(l-^). 
The estimate for Hess(t) gives: 

Vo,oi = t5oo(l + 0(e-"")) = tN\l + 0(e-'^"')). 
Hence, we have the following estimate: 

We rewrite it as follows: 

p2(w — WQ) 

do = 2e2("'-"'o) + 0(e(2-'^)"'). 

This equation can be explicitly integrated and yields: 



Af2 N'^iwo) 
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This proves the estimate for N. 

We now turn our attention to the estimate for the tangential part of 
metric: 

From the previous estimate, we have 

We now argue as in |Bah07j . Let U be the tensor such that 

^dog^, = {5% + U'^^) g,,. 

U satisfies \U\ < Ce"""". Let n+{w) denote the maximum eigenvalue of g^ 
with respect to the metric g^^^ . The metric equation above and the estimate 
for the tensor U imply that is Lipschitz continuous and that wherever it 
is differentiable 

aw 

Hence fi+{w) < /i+(u;o)e2('"-'"o)-^(^"''™-^"""°) < Ce^"'. Similarly, if n_{w) 
denotes the minimum eigenvalue of g^ with respect to the metric gwo ) 
H^{w) > C-^e'^'". This proves that C~^e^'"g^^ < 5«, < Ce^'"gyj,. □ 

As a corollary of the proof, we get the following: 

Lemma 3.3 (Estimate for the normal derivative of ^). If a G (0;2), the 
derivative of'g with respect to p satisfies the following estimate: 

Proof. Starting from the estimate 

^dog = g + 0{e-^n, 



we get 



^dog^jy = e (^^dogf,u - g,iu^ 



Hence, 



e-'^^ld^l^mgOie- 



□ 



Lemma 3.4 (Estimates for the derivatives of the lapse). If a € (0;2), the 
following estimates hold: 

r d,N = o{p''-^) 
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Proof. From Lemmas EH and E21 we have r[]o = ^ = 1 - iV^^^ _^ 
0(e-""')) = 0(e-""'). Hence, we obtain 

dpN = --doN 
P 

We now focus on the tangential derivatives of the lapse. From Lemma l3.H 
we have: 



N 



= — - (Vo,/it — tgofi) since do and are orthogonal 

= 0(ti-"). 
So we immediately get that 

□ 

Let Uq CC [/q be a non-empty open set of S^g. In what follows, we identify 
Uq and C/q with their image in M" by the coordinates x^. By rescaling the 
x'^ variables by some large constant, we can assume that, for any x £ Uq, 
-Bi(x) C Uq. We now define on = {wq; oo) x Uq the metric h = dw^ + hw 
where /i^ = e^"'/io and = "^{dx^)"^ is the Euclidean metric on Uq. Select 
p such that a < 1 — ^y^. 

Lemma 3.5 (First order estimates for the tangential metric). The tangen- 
tial derivatives of the metric g satisfy the following estimate: 

ll%llL?(n.,.(i),.)=0(e-(2+")-) 

uniformly in x £ Uq, for w € {wq + 1; oo). 

Proof. The proof is based on Lemma l2.13i First remark that 

VaV^^^t = da (V/3^^t) — r^^Va-,7t — F^^V^^o-* — ^a/s'^oM ~ ^a-y^pM^ 

1 



t 



VaV/3,7t — —da (r^^) + F^^F°^ + rj^^^F^g. + F^^Fq^ + F°^F°Q 



We now estimate all the terms that appear in this equation. We recall 
first that 

^5o5M. = 5M. + 0(e(2--)-). 

Hence, 
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"po" -pO I "per pO 



a/37 



-N 



-2 



9.5/37 + *0(e-'^'")). 



/37 



where to pass from the second hne to the third we used the exphcit expres- 
sion of the Christoffel symbols (see Lemma 13. ip and the fact that g^'^ = 
0(e-2"'). Similarly, 



pO pO I pO pO 

a^J- O7 "T J- 07-'- 130 



1 



N 



1 



-N-'dod^gp^ + N--'dog^^daN 
^iV-2ao9a<7/37 + 0(e(3"-)-). 



Combining all these estimates, we get 



-Vq, (V/3,^t - tgf^j) 



1 



N 



-2 



ao9a5/37 + 25„5/37 + {d9 * 0{e--n)^i3j + 0{e 



where we used the fact that V.t = 0. Multiplying this inequality by A^^, we 
get 

2/v2 

We now take the tangential norm with respect to the metric /i^,. Since 
the tensor dag^-y is covariant of rank 3, we get 

2N^ 



15, 



<Ce-^-'\ag\ + 



t 



-V (Hess(t) - tg) 



+ 0(6 



-{2+a)w 



h,t 



for some constant C > 0. We now use this formula to estimate the L^-norm 



of dodg on ^^^^..(l) and obtain 



^"5/37||iP(f^^^^(l)^^) 



+ 



2N' 



t 



(Hess(t) - tg) 



+0{e 



for some other constant C > 0. From Lemmas 13.21 and 12.71 we get that 
2N^ 



t 



-V (Hess(t) - tg) 



Lf{n„,4i),h) 
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As a conclusion, 

We are now in a position to apply Lemma 12.131 For any wi > wq, we 
have: 

J wo 



< C" / eVp 



^~3)(wi-w) ( -aw IIQ- 



+e 



Set/(yj) = e Vp ) H^H^p^f^^^^^^ ,^-,, the previous inequality becomes 



f{wi) < C" 



'^-a+l]w 



WQ 



Lemma l2. 141 then implies that f{w) = 0{e "•'^^j'^y This ends the proof 
of the lemma. □ 

3.2. End of the proof of Theorem 11.11 when < a < 1. Set L = 

t~^(0;to]- The gradient flow of t defines a diffeomorphism from M \ L to 
^to X (^o; oo)- Changing the second component of this product by its inverse 

(t I— )• j), we get a diffeomorphism (p from M\L to x ^0; . Therefore it 

makes sense to add a boundary to M and define M = MUSoo by prolonging 
the diffeomorphism cj) to (p : M\L ^ St„ x 0; Recall from |BM08j that 
the exponential map exp from the outward normal bundle N-^Y of 1" = dK 
to M \ K also yields a diffeomorphism ip : M \ K ^ Y x (0; oo) and can 
be extended by a similar procedure to a map M \ K ^ Y x [0;1) where 
the second coordinate is p'{x) = e~**-^^ for any x G M \ K . Remark that 
Y X {0} can be identified with M(oo), see [BMOSl iBahOQl IBahOTj . We prove 
the following proposition: 

Proposition 3.6. The manifolds M and M are bi-Lipschitz equivalent. 

Proof. Let S" be a compact subset containing both K and L. We denote 
= </.(M \S)C ^to X (O; ^) and ^2 = ^{M \ S) C Y x {0;1). Then the 

map ip o is a diffeomorphism from Qi to il2- We set Qi = J^i U S^,, x {0} 
and = U y X {0}. Recall that the metric g = p^g extends to an 
L°°-metric on M from Lemma 13.21 and that similarly the metric g = {p')'^g 
extends to an L°°-metric on M. The metric ^ (or more precisely {(j)~^)*g on 
Oi satisfies 
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From the facts that g and g are L°°-metrics and that ^ is uniformly bounded 
from Lemma [23 the norm of the differential oiiljo(p~^ is uniformly bounded 
on ill, hence extends uniquely to a Lipschitz map from Qi to il2- A similar 
proof shows that cl)oip~^ is also a Lipschitz map from 1^2 to Qi. By continuity, 
these two maps are inverse each of the other. This proves that M and M are 
bi-Lipschitz equivalent in a neighborhood of infinity. They are also clearly 
C°°-equivalent in the interior. □ 

In view of Lemmas 13.21 and 13.31 Lemma 12.161 immediately gives that the 
function N € C^'"'{Qo x [0;e~'^°)). We shall now turn our attention to the 
first order estimates for the tangential metric in the coordinate system we 
constructed. Combining Lemma r3.4l and the fact that \dog^\g = 0{e~^'^~^°'^'^) 
(Lemma 13. 5|) . we get that 

This means that for each component g^^^ of g^^ , 

< \\(^w\\LP{n^,^,h) II^MllL°°(n„,,(l),/i) II^i'IIl°°(Q„,,(1),/i) 

< Ce^"' W^^wW LP {n^,^,h) 
= 0(e-""'). 

By Lemma [2.161 we get that each component g^,^ belongs to C^'"'{Qo x 
[0; e~"'")). This ends the proof of Theorem 11.11 in the case < a < 1. 



4. Construction of harmonic charts 

When constructing harmonic coordinates that complement the function 
p which we defined previously, we are faced with the problem of choosing 
their value on M(oo). We shall first construct harmonic charts on M(oo) in 
Subsection 14.11 and extend them to harmonic charts on the inside of M in 
Subsection 14. 2[ These coordinates enjoy a nice property we shall exploit in 
Section [21 we remark that they satisfy a certain Neumann condition at infin- 
ity. A similar idea was already present in an implicit form in |HQS09 , Section 



3], where they construct even harmonic charts (with respect to the metric 
'g) on the double of M. In all that follows we select a point po £ M(oo) and 
modified Fermi coordinate charts in a neighborhood U' of po as we con- 
structed in the previous section such that x^{po) = so that {p = t~^,x^) 
form a coordinate system in a neighborhood of pq in M. Up to a linear 
redefinition of the coordinates x^, we can assume that 'g^vi'Po) — ^t^y 

For any A > 0, we set 

Si = I ?G M(oo)| Y.{x^{q)f < ^ I C M(oo) 
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and 

^1 = |p e n'\p\p) + Y.{x^{p)? < ^1 c M. 

If < a < 1, set a = a otherwise, if 1 < a < 2, choose a S (0; 1) arbitrarly. 
We prove the following proposition: 

Proposition 4.1. If X > is large enough, there exist harmonic functions 
y^,. . . with respect to the metric g on Di such that 

X 

{dw,dy^') = 0(e-(i+'')"'), 
yfi g C^''^(^Di,g) and such that {p,y^, ■ ■ ■ ,y^) form a coordinate system, in 
a neighborhood ofpQ. 

The proof is carried out in the next two subsections. 

4.1. Harmonic charts on M(oo). We first replace the coordinate func- 
tions x^ on M(oo) by new coordinates yt^ that are harmonic in a small ball 
around pq. Recall that the Laplace operator for the metric g on M{oo) can 
be written 

1 



A(/) = -^==5^(r"\/dit^9, 

see e.g. |CLN06l Exercise 1.35]. Since the metric g is only Holder continuous, 
the equation Ay^ = has to be interpreted in the weak sense: 

y^ecUBA [ {d^,dyi^)^dpg = 0. 

A 

To construct harmonic charts, we use low regularity results |GTOH Theorem 
8.33 and 8.34] and a zoom process (see also [HQS09j). For any (large) 
constant A we set z^^ = \x^ and 'g' = X^'g. We shall also denote by p^u', . . . 
the components corresponding to the coordinate vectors g|jr, ^pj, . . .: 

_/ ^2- ( ^ ^^ - ( Q d 

9u'u' = ^9 



We consider the following equations for the functions yi^: 



(Ay!^ = onBi, 
{ yii, = z^ ondBi, 
where Bi denotes the ball 

A 

Bi. = {i? G M(oo)| ^ix'^ip)f < A-2} = {p G M(oo)| ^iz^ip)f < l} . 

Remark that since g and g' are equal up to multiplication by a constant A^, 
solving Ayiio = is equivalent to solving Agiyi^ = 0. Next, from the fact 
that the metric g is a-Holder continuous, for any two points zi = Xxi, Z2 = 
Xx2 G Bi we have 

A 

< C\xi — 

< CX-'^lzi- Z2\" . 
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Hence the metric g' is uniformly controlled in C^'"-norm on Bi. We write 

A 

Voo = + u^. The functions have to satisfy 



ondBi. 



\ A 

The first equation can be rewritten in the following simple form: 



d^' ig'^ " Vdetf - g'^ ^ (0) v/det?(0) 



From |GT01l Theorem 8.34], the functions always exits and belong to 
C^'"(i?i). An easy exercise from [GTOli Theorem 8.33] shows that there 

exist constants C and C independent of A such that 



l^'^llci-"(Bj_) - ^ 



5'^ ^ v/det? - g'^^ - (0) v^det^(O) 



So if A is large enough, the functions i/Sd = z^ + u^ form a coordinate system 
on Bi. 

A 

Summarizing what we found so far, we get the following lemma: 

Lemma 4.2. For anypQ £ M{oo), there exist coordinate charts centered 
at po such that y!^ G C^'°'{Bi{pq)) for some A > (i.e. the functions 

are C-^'" functions for the structure induced by the coordinates x^J, such that 
y(^ are harmonic for the metric g^ and such that = on dBi . 

4.2. Harmonic charts on M. In what follows, we look for a function y^ 
defined in a neighborhood of po of the form D]_ such that y^ corresponds 

A 

to the previously defined function y^ on Af(oo) and y^ is harmonic with 
respect to the metric g. To simplify the notations, we choose once and for 
all an index fi £ {1, . . . ,n} and denote cp = y^, 0oo = Voo, etc. 

We define the warped product metric g = dw"^ + e^'^'g^ . We first define 
(/)o : -Di — )• M to be constant along the w coordinate and such that (^o = 0oo 

A 

on M{oo). Remark that 4>o is harmonic with respect to the metric g. With 
this remark at hand we can estimate Ac^o- Let ^ G ('^~) arbitrary 
test function, then 



{d^,d(l)o)„dl^g = / {di,d(t)o) d^xg- I {di,d(l)o) -diXg 
Di JDi JDi 

x x -X 



I det g 



Di 

A 
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Hence, in the weak sense, A0o = 'V^tpi where 



From the fact that 0o S C^'"(M,g), it follows that #o G C°'"(M,g) C 
C^'°'{M,g) (see [LeeOGl Lemma 3.7]). From Lemmas 13. 2| 13.31 and 13.41 we 
also have that 



/det5 1 / detg^ ^^n(.-^^\ 
Vd^ = ^Vd^^ ^ ^ 

and 1^"^ — g^^\g = 0(e~""'). Hence, we proved that 

where V'j satisfies I'i/'lg = 0(e~^^"'""^'"). The equation for reads 

To prove the existence of we study first the model case of the hyper- 
bolic half-space. Let (E^g^) denote the ball model of the hyperbolic space: 

B = -Bi(O) C M""*"^, = ( ^— ^) (5, where 5 denotes the Euclidean met- 



ric, B+ = {x G B|x° > 0}, B_ = {x G B|a;° < 0} and H = {x ^ B|j;° = 0}. 
For any x S B, x = (x*^, X"*^, . . . , x"") we denote x = (— x'', X"*^, . . . , x""). 

Lemma 4.3. Let p £ (n + l;oo) and 5 € (0;n). Assume given v G 
X°'^(B_,r*B), and ti; G X°'''(B_,M), w/iere | < | + There exists 

a unique function u G X^'^(B_,M) such that 

( Ag^u = V'g^Vi + w on B_ 
I u = on H. 

Further, for some constant C = C{p, q, 5), 

Proof. Uniqueness is simple to prove. Indeed, assume that u E X^^'^(B_,M) 
is such that Ag^u = 0, u = on H, then by elliptic regularity in geodesic 
balls, it is easy to get that u G C^'"(B_,M). If ti / 0, then since 6 > 0, u 
reaches a non-zero extremum in the interior of B_ which is absurd. 

To prove existence, we solve the equation with either v = oi w = 0. In 
the case u = 0, we extend u; to B by setting w{x) = —w{x) for any x G B+. 
This extended w belongs to X^'''(B,M) and ||'W'|lxO,<7^jg = ||tt;||^o,<j^jg j^^. 
By the isomorphism theorem [GSlOl Theorem A. 4], there exists a unique 
function ui G Xg''^(M>,]R) such that Ag^ui = ti; on B. Since — ni(x) also 
satisfies the equation, we deduce that ui(x) = — ni(x) for any x G B. In 
particular, lii = on H. By the Sobolev embedding theorem, we infer 
ui G X]'^(B_,M). 
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If li; = we also extend v to the whole of B by setting vq{x) = vq{x) and 
Va{x) = —Va{x) for any x G IB+. Let K{x, y) denote the Green kernel of the 
Laplacian. Then arguing as in |GTOH Section 8.11], we see that 



U2{x) = - / VyK{x,y)g'^(y)vj{y)dfigj^{y) 



solves Ag^U2 = V*Wj on B. By a calculation similar to [GSlOl Theorem 
A. 4], this integral makes sense and U2 G X^'^(B,M). From elliptic theory, 
we deduce that U2 G X^'^(B,R) and by an oddness argument similar to the 
previous one, we get that U2 = on H. □ 



We use the previous lemma to prove a similar statement regarding the 
domain D i : 



Lemma 4.4. Let p ^ {n+1; oo) , 6 £ {0; n) . Assume given v ^ Xg'^{Di,T*M), 
and w G X^'''(Z)j_ , M), where | < + |. Then, if \ is large enough, there 
exists a unique function u G X^'^\Di,M) such that 



(4.1) 



Au = Vvi + w on Di 

A 

u = on dDi n M. 

X 



Further, for some constant C = C{p,q,5), 



ll^llx^''^(Di ,K) - ^ ,r*M) + \\^\\x°-''{Di,l 

Proof. The proof of this lemma consists in several steps which we now de- 
scribe. 

• Claim 1: If A > is large enough, there exists a constant C > such 
that if n G X^'^{M,W) is such that An = V*Uj + w on Di for some v G 

X^'P{Di,T*M) and w G Xg'''{M,R), then 



\U\\ ^1 
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Indeed, we denote the hyperbolic metric = \ ydp^ + X^J]=i(da;^)^ 



We compute the difference Au — Ag^u: 
1 



Au — An^U 



yjdetg 
1 

\/det I 



-y/det I 



dA^/d^gg'^d, 



u 



1 



\/detgi 



di WdetgmgJd. 



■jU 



'det I 



detfjf 



■di (^/ det gg'^dju) - di [ ^/ det gng'^dju 



di (^/detg^g'^dju) - y^det gg'^d, 



I det gM „ 



-di I \/ det g^g^djU 



1 



Vdet I 
1 

^/detl 



di iVdetgnig'^ - 9B)9ju) - Vdetgg'^di 



I det 



djU 
detg ^ 



di [yj det gBg^ignkW^^ - S^djU^j - ^/detgg'^ diJ ^^^dj 



u 



detg det gMr. 
-g-^diil — diU. 



det (7b V det g 



Hence u satisfies 



A.B« = <{iSi-9Mki9'ndju)+V>'v, + J^g'^d, 



I det 



detfiTB' 



djU + w 
detg 



where we have done the same calculation for V^Vk as we did for the Laplacian 
of u. Remark now that {Di,g^) is isometric to (]B_,(7b), so we can apply 
Lemma His] to get 



— ( ||w||j^O,p + ||tD||j5^0,g 1 

S \ 6 S / 



where 



Vk = Vk+ {{Si - gmw^^){dju - vj)^ 



w 



detg j /det , 

9 di\l — r- — djU + w. 



det 



det g 



Remark that for some constant C > 0, t*m) — ll^llx°'''(Z)i t*m)~^ 

^ \\du — v\\-^o,p^j-, ^ r*M) since we assumed that gij{p) = 6ij. Similarly, w 
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can be estimated as follows: 



■i^lljj^O.g < \\W\\ yO,q + 



det g 



det I 



'det 51 

— OjU 

det 5 ^ 



X' 



< \\w\\ yo.q + - — rr 



1 



det (jr 



dju 



X' 



0,9 



where we used the fact that ^/detgM = p ^"^^^^ and ^/detg = p ("+i)^ciet g 
in the coordinate system {p,x^, . . . , x"). From Section [31 we know that 



d- 



Vdetc/ 2(det5)i 
Hence, there exists a constant C > such that 



rdg,,eX','P{D^,R). 



det 5 



/ det gM „ 

— OjU 



C 



X 



0,9 



< — ||n|| . 

- II 11^5 



As a consequence, we have proved that for a certain constant C > 0, 



iiXg 



,p < C (\\v\\j^o,p + ||w||j(^o,,j^ 



+ IIW'II v0>9 ) + \\u\\x^-P 



So if ^ < 1 



2' 



This concludes the first part of the lemma. 



Claim 2: Given 6' G i0;5), and e > there exist £ C]'°(Di, 



w'^ G C^'*'(Di,M) such that ||w'^||v'0,p < 2 ||i;|| -j^o.p, -,,0,9 < 2||t(;||^o,9 and 



such that 
tion 2.2]). 



\r0.p e 

V m yi-g, , w 



w 



in X^gf when e — )• (see [GSlOl Proposi- 



The proof is similar for both v and w, hence we only give it for v. Choose 
an arbitrary e > 0. Let x '■ ^+ — ?■ M be a smooth cut-off function such that 
< X ^ 1) x{^) = 1 for &iiy X £ [Oj l]i x{x) = foi" ^-iiy x>2. Remark that 
the 1-forms (l — X (^)) ^ ^'^^ such that 



X 



(),p II HA. 



= X 



in X^f when i — )• 00. 



< 



Selecting i large enough, we can assume that — (l — x(^)) 
We now use the fact that X (^) ^ has compact support to find v"^ G 



V — V 



^x I 



o,p < f . From the triangle in- 



Ct {Di_,T*M) such that \\x{§) 
equality, we obtain that \\v — v^\\ yO,p < e. can be constructed by a mol- 
lification argument, see e.g. |GTOH Chapter 7], thus we can select such 
that ll-y^ll^o.p < 2 ||(l — X (^)) ^lljsfO.p — 2 ||u||^o,p. 
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• Claim 3: For any e > 0, there exists a solution to the equation 

r An' = V'v'i + on Di_ 
I = on dDi n M. 
The proof is similar to the proof of Lemma 12.71 and is omitted. 

• Claim 4: u'^ converge to u G X^'^ which solves (j4.ip . 

We finally prove that when e — )• 0, the functions converge to the solution 
u of the initial PDE. We first apply Step 1 for the X^,'^-space and get that 
there exists a constant C > such that for any e, e' > 0, 



u — u 



xj;^(Di,R) 

" A 



< c 



V — V 



X°f{Di,T*M) 



+ 



w — w 



x°;^(Di,]f 



Thus li"^ is of Cauchy type in Xg;^{Di,W) when e — )• so there exists a 
function u G X^,'^{Di,W) such that 

f An = V^Vi + w on Di 



u = ondDi n M. 



Further, the functions u'' are uniformly bounded in Xg'^{D 
from Step 1, 



Indeed, 



n ^1 



< C \\v 



\X'^^P(Di,T*M) 



,T\ + \\W vO 



This proves that u G Xl'^{D i,R). 



Uniqueness of the function u is an easy exercise. □ 

As a direct application of Lemma [4. 41 we get that if A > is large enough, 
there exists a unique function (pi G xl'_J^^{Di,M.) such that — A0i = V^ipi. 
The function (j) = (po + we constructed on Di is harmonic and is such 

A 

that {dw,d(p) = {dw,d(f)i) G X^f^{Di_,R). 

Our next task is to prove that the function we constructed belongs to 
C^'°'{Dj_). To this end, we first give an equation for {dt,d(p): 

4A 

Lemma 4.5. Let (/> : — )• M 6e an harmonic function, the following formula 

holds: 

(4.2) 

-A{dt,d4>)-{n-l) {dt,d4>) = -2 (Ric + nc/) (dt, d(/>)-2 <^Hess(t), Hess((/))^ . 

Proof. The proof is a simple calculation: 

A{dt,d(j)) = {Adt,d(p) + {dt,Ad(j)) + 2{}iess(t),Ress{(j))) 

= (n + 1) {dt, dtp) + 2Ric(dt, #) + 2 (Hess(t), Hess((?!))) 
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where we used the fact that 



hence 

and similarly 



= g'^^VaViVbt 

= a"' (v.v,v,t - n\^^,t 

= ViAt + Ric-' . Vjt 

= (n + l)Vit + Ric^'.Vji, 

Adt = (n + l)dt + Ric(dt), 



Ad(j) = Ric((i</)). 

Formula (jM]) follows. □ 
Remark that |d0olo is bounded, hence d(/}Q G X^'^{Di,T*M). From 
the fact that 0i G ^a+i' have that d(/>i G T*Af). So 

cii;^ = d(/)o + d(j)i G Xq'^(M, T*M). Remark that -D_5_ lies at some positive 

6A 

distance (for the metric ^f) from dDi, hence, since dcp satisfies the elliptic 
equation Ad(f) = Ric((i0) on Di, we conclude from standard elliptic theory in 
harmonic charts that d(j) G X?'^(Z)_3_, T*M). In particular, Hess(0) G X?'^. 

4A 

From Equation ()4.2p . we get: 

- A {dt, d(p) - (n - 1) {dt, d(p) 

= -2 (Ric + ng) {dt, dcp) - 2 (Hess(t), Hess((/))) G X^'P{D 
This leads to the following estimate: 



(4.3) VpG(n + l;oo), G X2'P(Z)^,M). 

Remark that (/>o G C^'" (^^DT) while G C^:^'i(£>i ) C C^i'" (^DT) (see 
[Lee061 Lemma 3.7]). This ends the proof of Proposition 14.11 

5. Estimates for harmonic coordinates 

In this section, we denote by gij the components of the metric tensor with 
respect to the coordinate system {w, , . . . , y"). We shall use repeatedly the 
following formula: For any function : M — )• R, 

(5.1) = ^ij*^ + ^iwVjcj) + ViCpVjW — {dw, d(j)) gij. 

We proved in Lemma 12.71 that 

Hess(t) =tg + T 

where T is a traceless symmetric 2-tensor such that 

T G Xlf, 
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for any p € (1; oo). We first give the order of magnitude of each term of the 
metric tensor g: 

Lemma 5.1 (L°°-estimates for the components of the metric tensor). The 
components of the metric tensor g and of its inverse satisfy the following 
estimates: 

500 = 1 + O(e-'^-), ^00 = 1 + 0(6-'^"') 

for some constant C > 0, where the estimates on the last line are inequalities 
between quadratic forms. 

Proof. We first remark that g^^ = \\dw\^ = N"'^ where is the function 
appearing in Equation (|3.ip . Hence, the estimate for g^^ follows from Lemma 
13.21 From the estimate (|4.2p . we have 

5°^ = {dw,dy^) = 0(e-('^+^)'"). 

Finally from Proposition 14.11 we know that the 1-forms dy^ are linearly 
independent at any point of Di. By compactness of Di, there exists a 

A A 

constant C > such that 

C-^d^" < g^"" = {dyf',dy\ < 06^"". 
This immediately gives the estimate for g'^'^ = e~'^'^'g^^ . 

Denote h'"'' = gf"" and {h^^) fj^^i, the inverse matrix of {h^'^)^^^. Note that 
{hfj,i,)^^u is an n X n matrix containing only tangential components. From 
our previous estimate, 

By Gaussian elimination, it is easy to prove that 



gfiu = hf,u + h^ahurgQ^g"'^ g'''^ ■ 

Estimates for g^Q, g^^ and gf^^y follow, replacing the constant C by some 
larger constant. □ 

5.1. M^^'^'-estimates for Hess(p). Our next step is to study the regularity 
oip = \. 

Lemma 5.2 (M^-'^'^-estimates for Hess(p)). If a £ (0;2), the following esti- 
mates hold for the derivatives of p: 

\dp\l=l + 0{e-n. 
^ V Hess(p) G -^a+i for any p G (n + 1; 00). 
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Proof. First remark that dp = —e~'^dw, hence 

\dp\i = e"^ \e-^dw\l = \dw\l = = 1 + 0{e-n. 
see Lemma |5.1[ The Hessian of p is given by: 

, , Hess(t) dt (g) dt 
Hess(p) = ^ + 2—^, 

thus 

Hess(/?) = 'E.ess{p) + dw ® dp + dp ® dw — g{dw,dp)g 
g T dt®dt dt®dt f dt dt\ 

1 T 

= J {\dw\l - ^) 9 - ^ 

= 0(e-(i+")"'). 
We finally compute V Hess(p). Remark that 

Hence, 



Vijp = - {\dp\l - l) gij - p^Tij. 

= ~ 3jk + -T''^i,apybP9jk - 2pVipTjk - p^ViTjk 

= - 1) 9jk + 2pr'TiaVbP9jk - 2pVipTjk - p^ViTj^ 

= {\dp\l - l) Vipgjk + 2pg"-^TiaVbpgjk - 2p\/ipTjk - p'^ViTjk 



Remark that, from the conformal transformation law for the Levi-Civita 
connection, we have VT = VT + dw * T, hence, from Lemma 12.71 we get 
VT G X^f^. From the previous equality, we infer VHess(/9) G ^a+i- 

5.2. L^-estimate for Hess(y'^). From the previous section, we know that 

\dy^\^ = 0{e-n. 

We shall now concentrate on getting higher order estimates for y'^. Since 
dy'^ satisfies the elliptic equation 

Ady^ = Ricidy^"), 

by standard elliptic regularity, we get first a very rough estimate: 

(5.2) ||Hess(2/'^)||^i,p < ||dy^'||^2,P < oo 

valid for any p G (1; oo). In particular if we select p > n + 1, we get: 

(5.3) |Hess(yn|^ < Ce""'. 

We now get an improved estimate for the Hessian of y^ with respect to 
the metric 'g. We concentrate on each type (purely tangential, purely radial 
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and mixed terms) separately. Remark that Hess(?/'^) also satisfies the rough 
estimate 



(5.4) \Ress{yn\g = 0{e-^). 

• Estimation of Vo,oy'^' We compute first 

{dw,d{dw,dy'')) = V'wVi {V^wVjy'') 

= V'wV^wVijy^' + VijwV'wV^y^" 

= {dw (g) dw, Hess(y^)) + {gij - ViwVjw) V'wV^y^ 

= {dw (S> dw,Ress{y'')) + (l - \dw\fj {dw,dy'^) + (^j,dw^dy'' 

From Proposition 14. H we have {dw,dy'^) G ^a+i- Sobolev 
embedding theorem, 

{dw,d{dw,dy^')) = 0(e-("+^)"'). 

Similarly, from Lemma 13.21 ^1 — {dw,dy^) = 0{e~^'^^^^'^'^) and from 

Lemma [2n {j,dw dy^) = 0(e-("+^)'^). This proves that 

{dw ® dw, Hess(y^)) = 0(e-("+^)"'). 

From Formula (jS.ip . we obtain: 

(5.5) 

{dw (g) dw, Hess(y'')) = {dw (g) dw, iless{y^) + dw dy^ + dy^ ® dw - {dw, dy^) g) 
= 0(e-(''+^)"'). 

We now remark that: 

(5.6) 

{dw ® dw,Ress{y^')) = g^'g^^Vijy^" 

= (5°°)'Vo,oy^ + 25°°/''Vo,.y^ + g'" g'^V ,,^y>^ . 

Estimate ()5.3p gives 

|V0,^y^| < \d^\g\d^\g\R^{y'')\g 

= 0{l) 

|V,,,y^| < \d,\g\d„\g\Ress{yn\g 
= Oie""). 

Inserting these estimates in Equation ()5.6p and using Lemma 15. H we 
obtain 

Vo,oy^ = 0(e-('^+i)-). 
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• Estimation of ^Q^aV^' The estimate follows the same line. We decom- 
pose 

{dy^,d{dw,dy^)) = VVVi (V^u;V,y^) 

= {dy" ® dw, Hess(y'')) + V'y'^V^y'' (^gij - ViwVjW + ^ 
= {dy'' dw, Hess(y'^)) + {dy\ dy^) - {dw, dy") {dw, dy^) 
+ (dy''0dy'',j 

Hence, 

{dy'' dw,Ress{y^)) + {dy\dy^) = 0(e-('^+2)^). 
From Formula (jS.ip . we get: 

(dy" (g) dw,Ress{y'^)) = {dy"" ® dw ,Iless{y^) + dw ® dy^ + dy^ ® dw - {dy^ , dw) g) 

= {dy" ® dw, Hess(y^)) + {dy" , dyt") + 0(e~(2'*+2)«;) 
= 0(e-(''+2)«<). 
We decompose the scalar product and get: 

We multiply this estimate by gay and sum over v. From the fact that 
g^^g'"'' = 52 - gaog^" = (J2 + ©(e-^'^""), we conclude that 

Vo,«y'^ = 0(e-'^"'). 

• Estimation of 'Va,i3y^'- This estimate is the only one that relies on Lemma 
[2331 We compute: 

(5.7) 

Va,i3 {dw, dy") = g'^ {V^V /s^iwVjy" + Viw;V„V^V,y^ + Va,iwVp,,y^' + V ,3,iwVa,jy^) . 

We compute the last two terms first. Note that they only differ by the 
exchange of a and /?. 

g'^Va,iwVpjyf' = g'^ (^g^i - V^wViW + V^^jy^" 
Remark that we used the fact that V^u; = 0. Hence, 
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Similarly, we compute the first term of Equation (j5.7p : 



We finally compute the second term of Equation ()5.7p : 

= g'^ViwVjV^^^'^ + g'^ (j^^ft- - S^Q^a - £%j) ^iwV 
= g'^V^wVJVa,0^ - g^p {dw, dy") - p^^V iwV ky^ . 

Combining all three calculations, we get that: 
(5.8) 

g'^V^wV.V^^py^' + 2V,,^y'^ =V^^p {dw, dy'') + (^2g^p + {dw, dy'') 



^V,,y^ + ^V.,y'^ 



V^{^)V'y^ + £%^V,wVky^. 



We decompose further the left hand side of Equation E 

g''V^wVjVa,f3y'' = 9''''VoVa,0^ + g^''V,Va,0^\ 
VoVo,^y^ can be rewritten: 

VoV^./jy'^ = doVa,^'' -ri^Vi,[sy^ -ripV^,iy^ 

Now remark that Fq^, = — Vo,aW and Fq^ = — Vo,ay'^. Thus, 

Vo.a^i' = goa-VowVo.w + ^ = 0{e^'-''>), 
CVo./jy'^ = 0(e(i-2-)-). 

To estimate Fq^ we use (|5.5p . Straightforward calculations yield that 
As a consequence, we proved that 

VoV^^py^ = doVa,py^ - 2V„,^y'^ + [©(e"'^"') * Hess(2/^)]^^ + 0{e^^'^'^^^), 
where * only involves tangential components. 

We are now in a position to apply Lemma 12.131 We first remark that we 
can rescale the coordinates p and y^ by some (large) factor so that D i con- 
tains a neig hborhood Vt" of po of the form 17" = {w>wo-l, Y^^iy^")^ < 2}. 
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We recall that the metric g on Di is uniformly equivalent to the hyperbolic 

A 

metric h = duP' + e^^ ^ ni^^y^)"^ ■ We set 

(5.9) 0(3) = > < 1}. 

Hence, for any n-tuple {x^, . . . , x") such that ^^{v^Y < 1 ^-'^d any wi > wq, 
Lemma 12.131 yields: 



< 



Wl 



_(|-2)(«;i~«,) ||9j^Hess(y'^)ILp,n n-^.^dw 



wo 

+ e 



lLf(Q„,4l),/i) ' 



(t-2)('"^-""')||Hess(y^) 



Taking the tangential norm of Equation (jS.Sp . we get that there exists a 
constant C > independent of (x^, . . . , x") such that 

y^V.wV.Ressivn + 2Hess(2/^)||^.(^^^^(^)^,) < Ce-^'+^>. 

From our previous calculations, we infer: 

||aoHess(y^)||iP(f,^^^(i)^^) < ||VoHess(y'^) + 2Hess(y'^)||^P(^^_^(i)^^) 



< 



+C7(e— ||Hess(y^)IL.(^^^^(,),,) 
1 

iV2 



+ e 



(5°*ViHess(y^) - <70^V,Hess(y^)) + 2V«,;3y^ 



+C7 e-'^-'||Hess(y^)||^P 



+ e 



-{2a+l)w 



< 



{g'^ViwVjV^,^'' + 2Va,(sy^ - 5°'^V,Hess(y'^)) 



LP{n„,,(l),/i) 



< 



+C (e— ||Hess(y^)||^.(^^^^(,),,) + e-^'^^'^^ 



+C (e-'^"' 1 1 Hess (/ 



lLf'(Q„,,(l),?i) 



(a+l)wj 



There only remains to estimate g^'^V,yiiess{y^). From the naive estimate 
(15.21). we obtain 



1 

iV2 



<7°'^V,Hess(/ 



< Cj]]||5°^V^Hess(y' 



Lf(n™,:r(l),?») 

'!^llLf={n„,4i),/i) 
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Thus, for any wi > wq, 
(5.10) 

||aoHess(y'^)||,.(^^^^(i),,) < C (e— l|Hess(y'^)|L.(^^^^(,),,) + e-('^+i)-) . 
From Lemma 12.141 we obtain: 

r Ce-('^+i)'" if a < 1 - ^ 
||Hess(y^)||^P(f,^^^(i)^,) < ^^(2-|)» if a > 1 - ^ 

Remark that this formula gives the expected decay rate for if < a < 1 
and p > while if a > 1, we only get that |Hess(y'^)| = ©(e'^^^^^"") 
for any e > (this is not yet true since we only estimated the L^-norm of 
Hess(?/^) in balls). To remedy this, we have to be more careful in the end 
of the proof of Lemma 12.131 (see the remark after the proof of Lemma [2.13p . 
The problem is not due to the term in the integral but to the boundary term 



||Hess(,'^)||,.(,^^,^(,,) 



We return to Estimate (|2.5p and replace w + B^i^x by ^lw,x{^) only in the 
integral: 

m^^<yn\\mn^^,^ii),h) < r e(?-')('"^-'") ||aoHess(y^)||^.(^^,^(i)_,) dw 



+ e(?-^)(— )||Hess(y-)||,.(^„_^^^^^^^,,). 
We now remark that |Hess(y'^)|^ is uniformly bounded on ^1", so 

||Hess(y^)||iP(^^+B^^_^^;,) < l|Hess(y^)||^.„(f^„_^) [Yoh {wq - wi + S^^.x)]^ 

< C7||Hess(y'^)||^^(^,,^)e5("«-"^\ 
This leads to the following improved inequality: 

\\iiMyn\\mn^^,4i),h) < r e(t-2)(--'") ||aoHess(y'^)||^.(^^^^(i),,) dw 



Wo 

This permits us to strengthen our previous estimate when a > 1 and remove 
assumptions on p > n + 1 when < a < 1 : 

We finally note that 

Va,/3y^ = Va,0^ - {dw, dyf") g^^p, 

and in particular 

We summarize all the results of this subsection in the following lemma: 
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Lemma 5.3 (L^-estimates for Hess(y^)). The following estimates hold: 



\\^^^<y'')\\L'^(n^^,(i),h) ^ I c'e-2«' if a > 1 
for any p £ {n + 1; oo) and any (w, x) G il^'^-' . In particular 

ifa>l. 



Hess(y^) G 



(See Equation (j2.8p /or t/ie definition of^l^^\l)). 

5.3. VF-'^'P-estimates for Hess(y^). In this subsection, we prove the follow- 
ing result: 



Proposition 5.4. The following estimates hold for V Hess(y'^).' 

• // < a < 1, for any p £ (n + 1; oo), there exists r > such that 

• If 1 < a < 2, for any p £ {n + l;oo) and any /u G (0; a — 1), there 
exists r > such that 

VHiii(y'^)GX°f2(17(3)(r)). 
We start from the following formula: 
(5.11) ViVj,ky'' - yj^i^kV" = -n'kijViy'', 

where TZ is the Riemann tensor of the metric 'g (see jBes871 Theorem 1.159]): 



/Hess(t) \ 1 dt 



2 ^ 
i9®9)ijki 

9 J 



= t'' ((^ + f^hkl + (j ® 5) ^^^^ - \ (\Ml - 1) (5 ® 9\,k}j 
T^jkl = rt-'(^£ajkl+(^j®9^ ^-l{\dw\l-l){9®9)a,k^ 

= ff'" (^^a,fc/+ (j®^) ^-l{\dw\l-l){g®g)^^,^. 

So we see that the (3, 1)-Riemann tensor satisfies the following estimate 

1^1^ = 0(e-""'). 

In particular, the norm of the right hand side of Equation ()5.1ip with respect 
to the metric g is ©(e"^""^^^""). From the conformal transformation law of 
the Laplacian, the trace of Hess(y'^) is given by 

r V^j-y'^ = Ay'^ = -in - l)t'g{dw,dyn. 
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So the traceless part of Hess(y'') is given by 



Hess(?/'^) = Hess(y'^) + ^^^t^g{dw,dy^')g 

n — 1 



= Bessiy'') + —^g{dw,dy>')g. 

Equation ()5.1ip can be written in the following form: 
(5.12) 

2_ ° / Tl — 1 

ViVj- fcy^ - VjVi^kV^ = -n k^jVly^ + 2-^g{dw, dy^") (^jfcV.u; - gikV^w) 



+ 



n + 1 

n — 1 



n + 



Y {gjk^iaidw, dy^) - gikVjg{dw, dy^)) 



From Estimate ()4.3p . g{dw, dy^) belongs to X^'^^. We remark that Equation 
()5.1ip is unchanged if we multiply the metric g by some constant. Hence, if 
Po is any point in the metric t'^{po)V = —^^9 is uniformly equivalent 

to the metric g on Brfj{po) and is Ty^'^-controlled in some harmonic charts 
for the metric g (as given by Theorem l2.1Up . Thus, applying Proposition 
21 to Equation (j5.1ip . we get that for any p £ {n + 1; oo): 



(5 13) mrs(v^) G I ^a^i(^^'Hl)) if < a < 1, 

(5.13) Hess(y ) G | x^'^ {Qi^) {!)) if 1< a < 2. 

Remark 3. Applying the Sobolev embedding theorem, we get that |Hess(7/'^) |^ 
Q^^-{a+i)w^ if < a < 1 and |H^(y^)|^ = 0{e-'^'") if 1< a < 2. 

Estimate 15.131 proves the proposition if < a < 1 while if 1 < a < 2 
this naive application of elliptic regularity is not enough. To remedy this, 
we would be tempted to apply Lemma [2.131 to V Hess(y'^). However this 
strategy would require controling the X^^j^-norm of {dw^dy^) so a certain 
assumption on the covariant derivative of the Ricci tensor would be needed 
(see Formula ()4.2p ). We shall instead apply Lemma 12.151 subtract the 
average value of Hess(y^) over some 0^_y(r). The proof then consists in 
applying iteratively the following lemma: 

Lemma 5.5. Assume that VHess(y'') G ^"^^(l^^^H^) for some r > 0, some 
6 G [0;a - 1) and some g G (1 + ^;oo) then VHess(y^) G xl'ly{Vt^^'^ (§) 
where 

a- 1 - ^ 
h' = ^. 



Before giving the proof of Lemma we indicate how it implies Propo- 
sition [531 Remark that it suffice to prove that VHess(?/^) G X^'^^, for q > p 
large enough and /i' > /x since X2'^^,{{^^^\r)) C X2'_^^{{i^^'^\r)). From 
Lemma 15.31 we know that the assumption of the lemma is satisfied for b = 
6o = and r = 1. By induction, we get that VHess(7/^) G X^'^^^^ (17(3)(^)) 
where bk is defined by 

a - bk-i 
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If q is large enough, we can assume that a > 1 + ^. It is then a standard 
exercise to prove that {bk)k is an increasing sequence converging to 600 where 



'2 - a)2 + n 



a-l-0 



Hence, choosing k and q large enough such that hk > /i, we get that 
VHess(y^) G "'^2+^- This proves Proposition 15.41 

Proof of Lemma \5.5l Let a and /3 be two tangential indices and {wi,y) be 
such that J7^^^y(r) C 0,^^\r). Let F = Va,i3y^- Using the notations of 



Lemma 12.151 we estimate 
infer 



F-F 



LP(n^,,y{r)) 



From Estimate (j5.10p . we 



We estimate next ||d-F||^p 



Remark that F^- = Vijy'^ and F^- = ViiW, hence, from Proposition 15.21 and 



Remark [3l it is straightforward to prove that 
WdFl 



lLP{n„,„{r)) 



+ 0(6 



< \\\VRess{yn\\da\\dp\\\L,(^^^^^^r)) 
= 0(e~''("'~"'°^). 

For any wi > wq, we set 

Wi — Wq 

w = wo-\ — . 

a — b 

Since a > b + 1, wq < w < wi. We apply Lemma [2 . 1 5 1 b etween w and wi: 
F -F{wi,x) 



<ciep' M|5oi"llLP(t7„,,{r),h) 



+ 026 V- P 



dF 



LP{n^u,y(r),h) 



+ 2 



-(Wl-w') II rj J 



Using the estimates for the norm of the terms appearing in this inequality, 

we conclude that there exists a constant C > such that 

(5.14) 

LP{n^,-^,^{r),h) ~ ~ 



F-F{wi,y) 



The idea is now to replace Hess(y^) in Equation ()5.1ip by Hess(y^) — 

Hess(?/'^) which has the right decay according to the previous estimate and 
apply Proposition 12.61 to prove the lemma. We set pi = e""'^ and we in- 

Pi^y^ and metric g' = Pi^g. We 



troduce coordinates z 
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remark that the Levi-Civita connection of g' equals that of g and that in 
this coordinate system 



We denote with a prime the components of tensors with respect to coordi- 
nates z' . Let 

We rewrite Equation (jS.lip as fohows: 

(5.15) Vi'Hj^k, - VfHi^k' = f^,k'^l',fy^' - tj,k'^i',l'y^' - n^.^.^iVvy^ 

y , / 

From Lemmas 15. 2| [5^31 Remark [3] and the fact that ^iiji = —^i'^yz , it is 
easy to argue that the L^'-norm of the right-hand side of Equation ()5.15p 
over r2^^_y(r) is Oie"^"'^^'^'^^). To apply Proposition 12.61 to Equation (|5.15|) . 
we only need to show that the trace of K is well controled in Ty^'^-norm 
over r2^^^y(r). We remark that from Estimate ()5.14p and Lemma 15.31 



iP(0„^,,.(r),g') 



< Ce 



-h'wi 



Further, 



pidk>/^y>'+{dk:{g'YA Ve^yy 



Remark that the derivatives of g' are up to a constant given by the Hessians 
of p and 7/^ which have been estimated in Lemma 15.21 and Remark O It is 
then straightforward to see that 



VFl.P(Q„i,.(r),g') 



< Ce 



-b'w-i 



We are now in a position to apply elliptic regularity (Proposition 12. 6p to 
Equation ()5.15p : 



\H\ 



<C{\\H 



IL9(!^»1,!/W) 



+ e" 



-(a+l)uii 



where we used the fact that the right hand side of Equation ()5.15p is 
(9^g-(a+i)wi^_ Estimate 15.141 and Lemma 15.31 vield the following estimate 
for H: 

II wii < r'p~^'"'i 



I wii < re>~^'^i 



proving that 

We finally remark that, as we computed previously in this proof, equals 
VHess(y^) up to some terms decaying fast with respect to wi. Hence, 

||VIfe^(y'^)|L„,^ < Ce-^'"'i 



□ 
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6. Boundary regularity 

In this section, we end the proof of Theorem 11.11 We first give another 
proof for the case < a < 1. From Propositions I5.2| 15.41 and the Sobolev 
embedding theorem, we get that on ^}^^\r) 

|Hiii(p)l , |Tfei(y^)l = 0{e-^'+-^^). 



In particular, denoting i, j, ... the compactified coordinates: = p,y^ = 
for any /i = 1, . . . , n, this means that the components of the Hessians of the 
coordinate functions satisfy 

H^(y^) = 0(/-i). 

From the fact that the metric g is uniformly equivalent to the flat metric on 
(r) c M, the derivatives of the metric satisfy 

Applying Lemma 12.161 (or |BG08t Lemma 3.8]), we conclude that 'g S 
C^'°-{yti'^)). A similar reasoning proves that if 1 < a < 2, the metric 'g 
is Lipschitz continuous on r2(^)(r). 

We finally turn our attention to Holder regularity for the Christoffel sym- 
bols of ^, which is equivalent to regularity for the partial derivatives of 'g. 
We remark that 



(jjf ^L-"- ij I It ^ mj ' Ij im' 

From the fact that the Christoffel symbols of g are uniformly bounded on 



J7(3)(r), we infer that 



^ i ^ fhj 



LP(n^,y(r),h) 



5'"' ( rr^F ■ 



- 1 (t^t'' - 

mj J \^ bi-'- mj 



where 5"^ = 1 iff a = 6 and is zero otherwise. Thus, 

k 



LP{n^^y{r),h) 



LP{nni,yir),h) 



< 



VHessy" 



+ 0(e- 



d-A 



+ 0{e 



where we used the fact that \\di\\L°°{n^ y{r) k) 



0{e'^), Lemma 15.21 and 

Proposition 15.41 This shows that dT^j G X^'^. Selecting p large enough so 



that /i < 1 



n+l 



and applying Lemma 12.161 we immediately get that the 



Christoffel symbols Fjj of g in the coordinate system {p,y , . . . , y^) belong 
to C^'^'{^W)). This ends the proof of Theorem 



52 



ROMAIN GICQUAUD 



References 

[And83] Michael T. Anderson, The Dirichlet problem at infinity for manifolds of neg- 
ative curvature, J. Differential Geom. 18 (1983), no. 4, 701-721 (1984). 
MR MR730923 (85m:58178) 

[And06] , Topics in conformally compact Einstein metrics, Perspectives in Rie- 

mannian geometry, CRM Proc. Lecture Notes, vol. 40, Amer. Math. Soc, Prov- 
idence, RI, 2006, pp. 1-26. MR 2237104 (2007h:53059) 

[AS85] Michael T. Anderson and Richard Schoen, Positive harmonic functions on com- 
plete manifolds of negative curvature, Ann. of Math. (2) 121 (1985), no. 3, 
429-461. MR MR794369 (87a:58151) 

[Bah07] Eric Bahuaud, An intrinsic characterization of asymptotically hyperbolic met- 
rics, Ph.D. thesis. University of Washington. Seattle, 2007. 

[Bah09] , Intrinsic characterization for Lipschitz asymptotically hyperbolic met- 
rics. Pacific J. Math. 239 (2009), no. 2, 231-249. MR MR2457230 
(2009h:53070) 

[Bes87] Arthur L. Bcssc, Einstein manifolds, Ergebnissc dcr Mathcrnatik und ihrer 
Grenzgebiete (3) [Results in Mathematics and Related Areas (3)], vol. 10, 
Springer- Verlag, Berlin, 1987. MR MR867684 (88f:53087) 

[BG08] Eric Bahuaud and Romain Gicquaud, Conformal compactification of 
asymptotically locally hyperbolic metrics. Submitted, Preprint available at 
http://arxiv.org/abs/0811.4184 (2008), 27 pages. 

[Biq05] Olivier Biquard (ed.), AdS/CFT correspondence: Einstein metrics and their 
conformal boundaries, IRMA Lectures in Mathematics and Theoretical Physics, 
vol. 8, European Mathematical Society (EMS), Ziirich, 2005, Papers from the 
73rd Meeting of Theoretical Physicists and Mathematicians held in Strasbourg, 
September 11 13, 2003. MR MR2160864 (2006b:53001) 

[BKN89] Shigetoshi Bando, Atsushi Kasue, and Hiraku Nakajima, On a construction 
of coordinates at infinity on manifolds with fast curvature decay and maxi- 
mal volume growth. Invent. Math. 97 (1989), no. 2, 313-349. MR MR1001844 
(90c:53098) 

[BM08] Eric Bahuaud and Tracey Marsh, Holder compactification for some manifolds 

with pinched negative curvature near infinity, Canad. J. Math. 60 (2008), no. 6, 

1201-1218. MR MR2462444 
[BMQ06] Vincent Bonini, Pengzi Miao, and Jie Qing, Ricci curvature rigidity for weakly 

asymptotically hyperbolic manifolds, Comm. Anal. Geom. 14 (2006), no. 3, 603- 

612. MR MR2260724 (20071:53041) 
[CLN06] Bennett Chow, Peng Lu, and Lei Ni, Hamilton's Ricci flow. Graduate Studies 

in Mathematics, vol. 77, American Mathematical Society, Providence, RI, 2006. 

MR MR2274812 (2008a:53068) 
[DGH08] Zindine Djadli, Colin Guillarmou, and Marc Herzlich, Operateurs geometriques, 

invariants conformes et varietes asymptotiquement hyperboliques, Panoramas et 

Syntheses [Panoramas and Syntheses], vol. 26, Societe Mathematique de Prance, 

Paris, 2008. MR 2650244 
[DK81] Dennis M. DeTurck and Jerry L. Kazdan, Some regularity theorems in Rie- 

mannian geometry, Ann. Sci. Ecole Norm. Sup. (4) 14 (1981), no. 3, 249-260. 

MR MR644518 (83f:53018) 
[E073] P. Eborlein and B. O'Neill, Visibility manifolds, Pacific J. Math. 46 (1973), 

45-109. MR MR0336648 (49 #1421) 
[Gic09] Romain Gicquaud, Etude que quelques problemes d'analyse et de geometric sur 

les varietes asymptotiquement hyperboliques, Ph.D. thesis, Universite Montpel- 

lier 2, 2009. 

[GL91] C. Robin Graham and John M. Lee, Einstein metrics with prescribed conformal 
infinity on the ball. Adv. Math. 87 (1991), no. 2, 186-225. MR MR1112625 
(921:53041) 

[GSIO] R. Gicquaud and A. Sakovich, A large class of non constant mean curvature 
solutions of the Einstein constraint equations on an asymptotically hyperbolic 



CONFORMAL COMPACTIFICATION OF ALH METRICS 



53 



manifold, Submitted, Preprint available at http://arxiv.org/abs/1012.2246 
(2010), 47 pages. 

[GTOl] David Gilbarg and Neil S. Trudinger, Elliptic partial differential equations of 
second order, Classics in Mathematics, Springer- Verlag, Berlin, 2001, Reprint 
of the 1998 edition. MR MR1814364 (2001k:35004) 

[Her97] Marc Herzlich, Compactificatton conforme des varietes asymptotiquement plates. 
Bull. See. Math. France 125 (1997), no. 1, 55-91. MR MR1459298 (98d:53054) 

[Her05] , Mass formulae for asymptotically hyperbolic manifolds, AdS/CFT cor- 
respondence: Einstein metrics and their conformal boundaries, IRMA Lect. 
Math. Theor. Phys., vol. 8, Eur. Math. Soc, Ziirich, 2005, pp. 103-121. 
MR 2160869 (2006k:53052) 

[HH97] E. Hebey and M. Herzlich, Harmonic coordinates, harmonic radius and conver- 
gence of Riemannian manifolds. Rend. Mat. Appl. (7) 17 (1997), no. 4, 569-605 
(1998). MRMR1620864 (99f:53039) 

[HQS09] X. Hu, J. Qing, and Y. Shi, Regularity and rigidity of asymptotically hyperbolic 
manifolds, Preprint available at http://arxiv.org/abs/0910.2060 (2009), 27 
pages. 

[JosOS] Jiirgcn Jost, Riemannian geometry and geometric analysis, fifth cd., Universi- 
text. Springer- Verlag, Berlin, 2008. MR MR2431897 (2009g:53036) 

[Lee95] John M. Lee, The spectrum of an asymptotically hyperbolic Einstein manifold. 
Comm. Anal. Geom. 3 (1995), no. 1-2, 253-271. MR MR1362652 (96h:58176) 

[Lee06] , Fredholm operators and Einstein metrics on conformally compact man- 
ifolds, Mem. Amer. Math. Soc. 183 (2006), no. 864, vi-F83. MR MR2252687 
(2007m:53047) 

[Maz91] Rafe Mazzeo, Elliptic theory of differential edge operators. I, Comm. Partial Dif- 
ferential Equations 16 (1991), no. 10, 1615-1664. MR MR1133743 (93d:58152) 

[Pet98] Peter Petersen, Riemannian geometry, Graduate Texts in Mathematics, vol. 
171, Springer- Verlag, Now York, 1998. MR MR1480173 (98m:53001) 

[Qin03] Jic Qing, On the rigidity for conformally compact Einstein manifolds. Int. Math. 
Res. Not. (2003), no. 21, 1141-1153. MR MR1962123 (2004a:53049) 

[ST05] Y. Shi and G. Tian, Rigidity of asymptotically hyperbolic manifolds, Comm. 
Math. Phys. 259 (2005), no. 3, 545-559. MR MR2174416 (2006g:53053) 

[Tayll] Michael E. Taylor, Partial differential equations HI. Nonlinear equations, sec- 
ond ed.. Applied Mathematical Sciences, vol. 117, Springer, New York, 2011. 
MR 2744149 

Current Address: 
Laboratoire de Matiiematiques et de Physique Theorique 
UFR Sciences et Technologie 
Faculte FRANgois Rabelais 

PARC DE GRANDMONT 

37300 Tours, 



E-mail address: romain.gicquauclQlmpt. imiv-tours.fr 



